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Introduction to Extra Dimensions and Thick Braneworlds
∗
Yu-Xiao Liu†1
1Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, China
In this review, we give a brief introduction on the aspects of some extra dimension models
and the five-dimensional thick brane models in extended theories of gravity. First, we briefly
introduce the Kaluza-Klein theory, the domain wall model, the large extra dimension model,
and the warped extra dimension models. Then some thick brane solutions in extended
theories of gravity are reviewed. Finally, localization of bulk matter fields on thick branes is
discussed.
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2I. INTRODUCTION
The concept of extra dimensions has been proposed for more than one hundred years. In 1914,
a Finnish physicist Gunnar Nordstro¨m first introduced an extra spatial dimension to unify the
electromagnetic and gravitational fields [1, 2]. It is known that Nordstro¨m’s work is not successful
because it appeared before Einstein’s general relativity. A few years later, a German mathematics
teacher Theodor Kaluza put forward a five-dimensional theory that tries to unify Einstein’s general
relativity and Maxwell’s electromagnetism [3]. Subsequently, in 1926 the Swedish physicist Oskar
Klein suggested that the extra spatial dimension should be “compactified”: it is curled up on
a circle with a microscopically small radius so that it cannot be directly observed in everyday
physics [4, 5]. This theory is referred to Kaluza-Klein (KK) theory. Since then extra dimensions
have aroused intense interest and study from physicists. Specifically, KK theory is usually regarded
as an important predecessor to string theory, which attempts to address a number of fundamental
problems of physics.
However, the major breakthrough of the research along phenomenological lines occurred at the
end of the 20th century. In 1982, Keiichi Akama presented a picture that we live in a dynamically
localized 3-brane in higher-dimensional space-time, which is also called “braneworld” in modern
terminology [6]. In 1983, Valery Rubakov and Mikhail Shaposhnikov proposed an extra dimension
model, i.e., the domain wall model [7, 8], which assumes that our observable universe is a domain
wall in five-dimensional space-time. The most remarkable characteristic of the two models is that
the extra dimensions are non-compact and infinite [6, 7], which is also the seed of the subsequent
thick brane models with curved extra dimensions. In 1990, Ignatios Antoniadis examined the
possibility of the existence of a large internal dimension at relatively low energies of the order of
a few TeV [9]. Such a dimension is a general prediction of perturbative string theories and this
scenario is consistent with perturbative unification up to the Planck scale.
But what really triggered the revolution of the extra dimension theory is the work done by Nima
Arkani-Hamed, Savas Dimopoulos, and Georgi Dvali (ADD) in 1998 [10], which has provided an
important solution to the gauge hierarchy problem. Since the extra dimensions in the ADD model
are large (compared to the Planck scale) and compact (similar to KK theory), now it has been
a paradigm of large extra dimension models. Ignatios Antoniadis, Nima Arkani-Hamed, Savas
Dimopoulos, and Georgi Dvali (AADD) [11] gave the first string realization of low scale gravity
and braneworld models, and pointed out the motivation of TeV strings from the stabilization of
mass hierarchy and the graviton emission in the bulk.
One year later, Lisa Randall and Raman Sundrum (RS) proposed that it is also possible to solve
the gauge hierarchy problem by using a non-factorizable warped geometry [12]. This model is also
called RS-1 model and has been a paradigm of warped extra dimension models now. One of the
basic assumptions of the two models is that the Standard Model particles are trapped on a three-
dimensional hypersurface or brane, while gravity propagates in the bulk. This type of model is
also known as braneworld model. It is worth mentioning that Merab Gogberashvili also considered
a similar scenario [13–15]. After the ADD model and RS-1 model, the study of extra dimensions
enters a new epoch and some of the extended extra dimension models are also well known, such
as the RS-2 model [16], the Gregory-Rubakov-Sibiryakov (GRS) model [17], the Dvali-Gabadadze-
Porrati (DGP) model [18], the thick brane models [19–21], the universal extra dimension model
[22], etc. It should be noted that the universal extra dimension model [22] is a particular case of
the proposal of TeV extra dimensions in the Standard Model [9].
Here, we list some review references and books. References [23–28] are very suitable for begin-
ners. References [29–35] provide very detailed introductions to extra dimension theories, including
phenomenological research. There are also some books [36, 37], which may be of great help to
the readers who want to do some related research in this direction. In this review, we mainly
3focus on thick brane models. Some review papers for some thick brane models can be found in
Refs. [32, 38, 39].
II. SOME EXTRA DIMENSION THEORIES
In this section, we will give a brief review of some extra dimension theories, including the KK
theory, the domain wall with a non-compact extra dimension, the braneworld with large extra
dimensions, and the braneworld with a warped extra dimension.
In this review, we use capital Latin letters (such as M , N , · · · ) and Greek letters (such as µ,
ν,...) to represent higher-dimensional and four-dimensional indices, respectively. The coordinate
of the five-dimensional space-time is denoted by xM = (xµ, y) with xµ and y the usual four-
dimensional and the extra-dimensional coordinates, respectively. A five-dimensional quantity is
described by a “sharp hat” (in this section). For example, Rˆ indicates the scalar curvature of the
higher-dimensional space-time.
A. KK theory
First of all, let us review KK theory [3, 4]. It is the first unified field theory of Maxwell’s
electromagnetism theory and Einstein’s general relativity built with the idea of an extra spatial
dimension beyond the usual four of space and time. The three-dimensional space is homogeneous
and infinite and the fourth spatial dimension y is a compact circle with a radius RED (see Fig. 1).
So, this model was also known as “cylinder world” [40] in the early days. This theory is a purely
classical extension of general relativity to five dimensions. Therefore, it assumes that there is only
gravity in the five-dimensional space-time and the four-dimensional electromagnetism and gravity
can be obtained by dimensional reduction. KK theory is viewed as an important precursor to
string theory.
FIG. 1: The basic picture of KK theory with topology M4 × S1 [41]. The radius of the extra dimension
rc = RED.
KK theory is described by the five-dimensional Einstein-Hilbert action
SKK =
1
2κ25
∫
d4xdy
√
−gˆ Rˆ (2.1)
and the following metric ansatz
d̂s
2
= gˆMNdx
MdxN = e2αφgµνdx
µdxν + e−4αφ(dy +Aµdxµ)2, (2.2)
4where the five-dimensional gravitational constant κ5 is related to the five-dimensional Newton
constant G
(5)
N and the five-dimensional mass scale M∗ as
κ25 = 8πG
(5)
N =
1
M3∗
, (2.3)
α is a parameter, and all these components gµν , Aµ, φ are functions of x
µ only (the so-called
cylinder condition). The components of the five-dimensional metric gˆMN are
gˆµν = e
2αφgµν+e
−4αφAµAν , (2.4)
gˆµ5 = e
−4αφAµ, (2.5)
gˆ55 = e
−4αφ. (2.6)
Note that, among the 15 components of gˆMN , 10 components are identified with the four-
dimensional metric gµν , four components with the electromagnetic vector potential Aµ, and one
component with a scalar field called “radion” or “dilaton”. Substituting the above metric into
(2.1) and integrating the extra dimension y yields the following four-dimensional effective action
SKK =
∫
d4x
√−g
(
1
2κ24
R− 1
2
gµν ▽µ φ▽ν φ− 1
4
e6αφFµνF
µν
)
, (2.7)
where κ24 =
√
8πGN = 1/MPl withMPl the four-dimensional Plack mass, R is the four-dimensional
scalar curvature defined by the metric gµν , φ is a dilaton field, and Fµν = ∂µAν − ∂νAµ is the
four-dimensional field strength of the vector field Aµ(x
λ). Thus, one obtains a four-dimensional
scalar-vector-tensor theory (2.7) from a five-dimensional pure gravity. This theory only contains
gravity and electromagnetic fields when φ is a constant:
SKK =
∫
d4x
√−g
(
1
2κ24
R− 1
4
FµνF
µν
)
. (2.8)
Thus, Einstein’s general relativity and Maxwell’s electromagnetic theory in four-dimensional space-
time can be unified in the five-dimensional KK theory. The relation between the fundamental
Planck scale M∗ and the four-dimensional effective one MPl is
M2Pl = (2πRED)M
3
∗ . (2.9)
Here, RED is the radius of the extra dimension. It is easy to see that when the radius of the extra
dimension RED is large, one can get a four-dimensional effective Planck scale MPl from a small
fundamental scale M∗. This characteristic inspired the later large extra dimension model that tries
to solve the hierarchy problem. In 1926, in order to explain the cylinder condition, Oskar Klein
gave this classical theory a quantum interpretation by introducing the hypothesis that the fifth
dimension is curled up and microscopic [4, 5]. He also calculated a scale for the fifth dimension
based on the quantization of charge.
As an early theory of extra dimensions, KK theory is not a completely self-consistent theory.
Now let us consider the following translation in the fifth coordinate
xµ → x′µ = xµ, y → y′ = y + κξ(x), (2.10)
which leads to the gauge transformation of the electromagnetic vector potential Aµ:
Aµ(x)→ A′µ(x) = Aµ(x) + κ∂µξ(x). (2.11)
5The above coordinate translation (2.10) also leads to the gauge transformation of each KK mode
Φ(n)(x) of a bulk scalar Φ(x, y) =
∑∞
n=0 Φ
(n)(x)einy/RED :
Φ(n)(x)→ Φ′n(x) = Φ(n)(x)einκξ(x)/RED , (2.12)
which indicates that each scalar KK mode has charge
Qn = n
κ
RED
= ne, (2.13)
with the charge quanta e given by
e =
κ
RED
=
√
16πGN
RED
=
√
4πα =
√
4π/137. (2.14)
Thus, one will obtain a tiny scale of the extra dimension:
RED ∼ 10−33m, (2.15)
which is not much larger than the Plank length lPl ∼ 10−35m. Such a tiny scale means that
detecting the extra dimension is almost hopeless. On the other hand, in KK theory, the mass
spectrum of KK modes of a bulk field with mass M0 is given by
mn =
√
M20 +
n2
RED
≃ n× 1017GeV, (2.16)
where the electroweak scale parameter M0 is neglected. So, the masses of the massive KK modes
of a bulk field will be much larger than the order of TeV. It is difficult to detect such heavy KK
particles in the present and future experiments. Therefore, only the zero modes of the bulk fields are
observable. However, it is not acceptable that the charges of the KK modes of the bulk fields must
satisfy Qn = ne, i.e., all zero modes that describe the observed particles are neutral. Therefore,
the predictions of KK theory about four-dimensional particles are completely inconsistent with
experiments. This is the main reason why KK theory was not taken seriously for nearly half a
century.
More details and related issues about KK theory can be found in the book [36] or Refs. [42–45]
and the references therein.
B. Non-compact extra dimension: domain wall model
In 1982, Akama presented a picture that we live in a dynamically localized 3-brane in a higher-
dimensional space-time [6]. As an example, it was considered that our four-dimensional space-time
is localized on a 3-brane by the dynamics of the Nielsen-Olesen-type vortex in six-dimensional
space-time. At low energies, matters and gravity are trapped in the 3-brane.
In 1983, Rubakov and Shaposhnikov proposed a domain wall model in a five-dimensional
Minkowski space-time [7, 8], which is completely different from KK theory. In this model, our
four-dimensional universe is restricted to a domain wall formed by a bulk scalar field, and the ex-
tra dimension is non-compact and infinitely large (see Fig. 2). There is an effective potential well
around the domain wall, which can trap the lower energy KK modes of a bulk fermion field, i.e.,
the four-dimensional fermions, on the domain wall. So in general, the Standard Model particles
are localized on the domain wall due to the potential well and we can only feel a three-dimensional
space. Only when the energy of a particle is higher than the edges of the potential well, can one
detect the effects of the extra dimension.
6FIG. 2: The basic picture of the Rubakov-Shaposhnikov domain wall model [39].
FIG. 3: The scalar field (2.18) (red line) and energy density (2.19) (blue dashed line) for the Rubakov-
Shaposhnikov domain wall.
In the original domain wall model, Rubakov and Shaposhnikov considered the following φ4
model of a scalar field in a five-dimensional Minkowski space-time [7]:
LDW = −1
2
ηMN∂Mφ∂Nφ− k
2
2v2
(
φ2 − v2)2 , (2.17)
where v and k are positive parameters. The φ4 model usually gives a double-well potential and the
minima of the potential are located at φ = ±v. The model has the following static domain wall
solution:
φ(y) = v tanh(ky). (2.18)
The energy density of the system along extra dimension with respect to a static observer uM =
(1, 0, 0, 0, 0) is
ρ(y) = TMNu
MuN =
1
2
ηMN∂Mφ∂Nφ+
k2
2v2
(
φ2 − v2)2 = k2v2sech4(ky). (2.19)
The shapes of the scalar field (2.18) and energy density (2.19) are shown in Fig. 3.
Next, we show that the zero mode of a bulk Dirac fermion Ψ coupling with the background
scalar φ can be localized on the domain wall even though the extra dimension is infinite. Suppose
7that there is a Yukawa coupling between a five-dimensional fermion field Ψ and the background
scalar field φ:
LΨ = Ψ¯γ
M∂MΨ− ηΨ¯φΨ, (2.20)
where η is the coupling parameter. The equation of motion is given by (γM∂M − ηφ)Ψ = 0. Then
with the KK decomposition
Ψ(x, y) =
∑
n
Ψn(x, y) =
∑
n
[
ψLn(x)fLn(y) + ψRn(x)fRn(y)
]
, (2.21)
where ψLn = −γ5ψLn and ψRn = γ5ψRn are the left- and right-chiral components of the Dirac
fermion field, respectively, one can obtain the four-dimensional Dirac equations for ψLn,Rn(x):
(γµ∂µ −mn)ψLn(x) = 0,
(γµ∂µ −mn)ψRn(x) = 0, (2.22)
and the equations of motion for the KK modes fLn,Rn(y):
[−∂2y + VL(y)]fLn(y) = m2nfLn(y), (2.23)
[−∂2y + VR(y)]fRn(y) = m2nfRn(y), (2.24)
where mn is the mass of the four-dimensional fermion and the effective potentials are given by
VL,R(y) = η
2φ2(y)∓ η∂zφ(y) = η2v2
(
tanh2(ky)∓ k
ηv
sech2(ky)
)
. (2.25)
The shapes of the effective potentials are plotted in Fig. 4. It can be seen that whether there is a
potential well for VR with η > 0 is determined by the ratio k/(ηv). When k/(ηv) < 1, there is a
potential well, which may trap some bound massive KK fermions.
One can derive the zero modes of the left- and right-chiral fermion fields:
fL0,R0(y) ∝ exp
(
∓η
∫
φ(y)dy
)
= cosh(ky)∓ηv/k . (2.26)
So, when η > 0, the left-chiral fermion field could be localized on the domain wall (to localize the
right-chiral Fermion field one needs η < 0), which is the most prominent feature of the model. The
above localized left-chiral fermion zero mode is plotted in Fig. 4(d). It is clear that, even though the
extra dimension is infinite, the zero mode of the left-chiral fermion can be localized on the domain
wall through the Yukawa coupling with the background scalar field, while the right-chiral one
cannot. Therefore, the fermion zero modes, i.e., the massless four-dimensional fermions localized
on the domain wall, can be used to mimic our matters. They propagate with the speed of light
along the domain wall, but do not move along the extra dimension. Therefore, domain wall is also
called braneworld. In the real world, fermions have masses. So, in realistic theories fermion zero
modes should acquire small masses by some mechanism. For the case of weak coupling |η| < k/v,
there is no bound massive fermion KK modes. However, there may be one or more bound massive
KK modes on the wall if the coupling is large enough (η ≫ k/v). Besides, there is a continuous
part of the spectrum starting at m = ηv. These continuous states correspond to five-dimensional
fermions that can escape to |y| =∞.
For the localization of gauge fields and more details about this domain wall model, one can
refer to Refs. [7, 46, 47].
8(a) vη = 0.5, k = 1 (b) vη = 1, k = 1 (c) vη/k = 4, k = 1
(d) vη/k = (0.5, 1, 4)
FIG. 4: The effective potentials (2.25) (thick lines for VL and thin lines for VR) and the non-normalized
left-chiral fermion zero mode (2.26) (thickness of lines increases with vη/k) for the Rubakov-Shaposhnikov
domain wall.
It should be noted that the idea of Akama, Rubakov and Shaposhnikov is important because
it provides a way basically distinct from the “compactification” to hide the extra dimensions.
However, this domain wall model has a fatal weakness. Since the extra dimension is flat and
infinitely large, the zero mode of gravity cannot be localized on the domain wall. Obviously, if extra
dimensions are infinite and flat, i.e., for a D-dimensional Minkowski space-time, the gravitational
force between any two static massive particles would be F ∼ 1/rD−2 instead of the inverse square
law. Because of this shortcoming, this flat domain wall model is not taken seriously for a long
time. After lRandall and Sundrum proposed the RS-2 model, the Rubakov-Shaposhnikov domain
wall model was reconsidered in a warped five-dimensional space-time [19–21] (the jargon for this
kind of model is thick brane model), which will be introduced in Sections III and IV.
C. Large extra dimensions: ADD braneworld model
After the Akama brane model and the Rubakov-Shaposhnikov domain wall model, the phe-
nomenological lines of extra dimensions almost have no significant development for a long time,
except for compactifications at the electroweak scale (see, e.g., Refs. [9, 48, 49]). Until 1998,
Arkani-Hamed, Dimopoulos, and Dvali suggested ingeniously that the gauge hierarchy problem
can be addressed by the large extra dimension model (also called as ADD braneworld model) [10].
Then extra dimension theories re-attracted attentions of theoretical physicists.
Before introducing the ADD model, it is necessary to describe what the hierarchy problem is. It
is usually expressed as the huge discrepancy between the gravitation and electroweak interactions.
In quantum field theory, it has another expression, i.e., why the Higgs boson mass is so much
lighter than the Planck scale. These two expressions are equivalent and we will briefly introduce
the latter one. In the Standard Model, the physical mass µ and bare mass µ0 of the Higgs boson
satisfy the following relationship:
µ2 = µ20 + δµ
2
0. (2.27)
9Here, δµ20 ∼ Λ2 is the loop correction of the bare mass and Λ is a truncation parameter. According
to the effective field theory, Λ should be the energy scale up to which the Standard Model is valid.
It is known that the physical mass of the Higgs boson is µ ∼ 102GeV. Assuming that the new
physics appears at the Planck scale MPl ∼ 1019GeV, Eq. (2.27) cannot be satisfied unless there
is an unnatural fine-tuning between the bare mass and the loop correction. The essential reason
why bare mass of Higgs boson requires such a high-precision adjustment is because of the huge
hierarchy between the weak scaleMEW ≈ 246GeV and the Planck scaleMPl ∼ 1019GeV. If the new
physics appears at the low-energy scale (such as 1TeV), there is no serious fine-tuning problem.
Next, we will see that the ADD model does solve the hierarchy problem by assuming that the new
physics in the bulk appears at M∗ ∼ 1TeV.
In the ADD model, the space-time is assumed to be (4+ d)-dimensional and the corresponding
action is given by [10]
SADD =
Md+2∗
2
∫
d4+dx
√
−gˆRˆ. (2.28)
If these extra spatial dimensions have the same radius RED, then one can obtain the following
relationship
M2Pl =M
d+2
∗ (2πRED)
d, (2.29)
whose physical meaning and calculation are similar to Eq. (2.9). In the bulk space, the fundamental
scale of gravity is no longer the Plank mass MPl but M∗. To avoid the emergence of hierarchy, one
assumes M∗ ∼ 1TeV. Then the radius of the extra dimensions reads as
RED =
1
2πM∗
(
MPl
Mˆ
)2/d
∼ 1
2π
1032/dTeV−1 ∼ 10−17 × 1032/dcm. (2.30)
For d = 1, the radius of the extra dimension should be as large as 1013m in order to address
hierarchy problem. Obviously, it is against the tests of the gravitational inverse-square law [50–
52], which constrain the radius of the extra dimensions to be less than sub-millimeter. Therefore,
according to the present gravity experiments, the number of the extra dimensions in the ADD
model should be more than two. Of course, if the sizes of these extra dimensions are different, the
result would be complex.
More importantly, if one assumes that other fields live in the bulk, then the radius of the
extra dimensions should be much smaller (according to the recent experiments it should be less
than 10−18m or more) in order not to violate the experiments at Large Hadron Collider (LHC).
Even at the end of the last century, according to the nuclear-related researches, it can be deduced
that the radius of the extra dimensions should usually be much less than 1µm. For this reason,
ADD proposed another supposition inspired by string theory: except the gravitational field, all the
Standard Model particles are bounded on a four-dimensional hypersurface or brane by an unknown
natural mechanism. This hypothesis is the main difference between the ADD model and the KK
theory.
It should be noted that although the ADD model can eliminate the hierarchy between the
weak scale and the Planck scale based on the assumptions that the extra dimensions are large
(as compared to the Planck length) and the Standard Model particles are localized on a brane,
the ratio between the fundamental scale M∗ and the scale corresponding to the size of the extra
dimensions, RED, is not acceptable. From Eq. (2.30), we have
M∗
1/RED
∼ 1
2π
(
MPl
M∗
)2/d
=
1
2π
1032/d. (2.31)
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If one requires that 1/RED andM∗ are in the same order of magnitude, the number of extra dimen-
sions should be 32 or so. Naturally, a question arises: why there are so many extra dimensions?
Therefore, the ADD model does not really solve the hierarchy problem.
Other issues in the ADD model (including the difference between the ADD model and the KK
theory, the features of the KK states, how the KK states interact with the fields on the brane, etc.)
are discussed in detail in Refs. [23, 53, 54]
D. Warped extra dimension: RS braneworld models
The common feature of the KK theory, the domain wall model, and the ADD model is that
extra dimensions are flat. They have solved some problems but left some new problems. In this
section, we will see that two new extra dimension models in curved space-time give different physical
pictures for our world.
1. RS-1 model
Inspired by the ADD model, in 1999 Randall and Sundrum proposed a braneworld model with a
warped extra dimension to address the hierarchy problem, which is now called the RS-1 model [16].
The basic assumptions of the model are listed as follows:
• There is only one extra spatial dimension, which is compactified on an S1/Z2 orbifold with
a radius RED (y ∈ [−πRED, πRED]).
• There are two branes at the fixed points y = 0 (called the hidden brane or Planck brane or
UV brane) and y = πRED (called the visible brane or TeV brane or IR brane) in the bulk.
And all the Standard Model particles are bounded on the visible brane.
• The form of the five-dimensional metric is supposed to be
ds2 = e2A(y)ηµνdx
µdxν + dy2 = e2A(y)ηµνdx
µdxν +R2EDdφ
2, (2.32)
where the warp factor A(y) is a function of the extra dimension y = REDφ only.
• The bulk is a five-dimensional anti-de Sitter (AdS) space-time, i.e., there is only a negative
cosmological constant in the bulk.
Therefore, the total action of the RS-1 model consists of three parts [16]:
SRS-1 = Sgravity + Svis + Shid
=
∫
d4x
∫
dy
√
−gˆ
(
M3∗
2
Rˆ− Λ
)
+
∫
d4x
√
gvis(Lvis − Vvis) +
∫
dx4
√
ghid(Lhid − Vhid).(2.33)
Through a series of calculations and simplifications, one can obtain the four-dimensional effective
action of the RS-1 model:
Seff =
M2Pl
2
∫
d4x
√−gR. (2.34)
Here, R is the scalar curvature defined by the four-dimensional metric gµν and MPl is similar to
Eq (2.29):
M2Pl =
M3∗
k
(1− e−2kπRED), (2.35)
11
where the parameter k has the dimension of mass. To avoid new hierarchy problem, one requires
that the parameter k satisfies k/M∗ ∼ 1. When the value of kRED becomes large, the fundamental
scale M∗ and the Plank scale MPl will be the same order. Note that the RS-1 model assumes that
the fundamental scale M∗ is still equivalent to the Planck scale, which is very different from the
ADD model. But how does one get the four-dimensional TeV scale for the weak interaction?
The RS-1 model assumes that the Higgs boson is bounded on the visible brane and the four-
dimensional effective mass of the Higgs boson is given by
mH =
√
λ e−kREDπv0 = e−kREDπmˆH, (2.36)
where λ is a dimensionless parameter, and v0 is the vacuum expected value of the Higgs field in
the five-dimensional space-time. The mass of the Higgs boson in the five-dimensional space-time
is mˆH =
√
λv0.
To eliminate the hierarchy, the RS-1 model requires that the fundamental parameters M∗, k,
and v0 are all at the order of MPl. Although the fundamental mass of the Higgs boson mˆH in
the five-dimensional space-time is the truncation scale MPl, the effective physical mass on the
four-dimensional brane could be “red-shifted” to the order of TeV as long as the radius of the
extra dimension satisfies RED ∼ 10/k. Noted that R−1ED is also a fundamental parameter. Since
the exponential function is introduced into Eq. (2.36), the ratio of k to R−1ED does not need to be
too large to “red-shift” mˆH to TeV. This is why we usually say that the RS-1 model solves the
hierarchy problem without introducing new hierarchy.
2. RS-2 model
As mentioned earlier, the fundamental scale of the five-dimensional space-time and the effective
Plank scale in the KK theory and ADD model satisfy Eq. (2.29), which requires that the radius
of extra dimensions is finite. However, because of the warped space-time, it can be seen from
Eq. (2.35) that the scale of the extra dimension may be infinite if one forgets the hierarchy problem.
Enlightened by the RS-1 model, Randall and Sundrum provided another braneworld model (called
as the RS-2 model) [12]) to solve the puzzle left by the domain wall model: the localization of
gravity on the brane with an infinite co-dimension. The focus of the RS-2 model is mainly on
how to restore the four-dimensional gravity on a thin brane when the extra dimension is infinite.
Roughly, compared to the RS-1 model, the RS-2 model has made the following changes:
• We live on the Plank brane at y = 0 (the Standard Model particles are bounded on this
brane).
• The TeV brane located at y = πRED is moved to infinity, i.e., RED → ∞. So the KK
spectrum in the RS-2 model is continuous.
The metric of the RS-2 model can be obtained by taking the limit RED →∞ in the metric (2.32).
Similarly, the KK spectrum in the RS-2 model can also be reduced from that of the RS-1 model [12]:
mn ≈
(
n+
1
4
)
πke−πkRED . (2.37)
Obviously, since RED →∞, the KK spectrum is continuous. In general, the Newton’s gravitational
potential between two static massive particles on the brane is contributed by all the KK gravitons.
In the RS-2 model, due to the presence of the continuous massive KK states, it is necessary to
consider how these KK states affect the Newton’s gravitational potential. Randall and Sundrum
12
showed that the Newton’s gravitational potential of two static particles with masses m1 and m2
and distance |~x| on the brane has the following form [12]:
V (|~x|) ∼ m1m2|~x| +
∫ ∞
0
dm
k
m1m2e
−m|~x|
|~x|
m
k
∼ m1m2|~x|
(
1 +
1
|~x|2k2
)
. (2.38)
Here, the first term is contributed from the zero mode of graviton, which corresponds to the
standard Newton’s gravitational potential. The second one is the contribution of all the massive
KK modes, and it is the correction to the Newton’s gravitational potential. As the distance |~x|
increases, the correction term decays quickly. The effect of the extra dimension appears at the
scale of the Planck length. So Randall and Sundrum proved that even if there is an infinite extra
dimension, as long as it warps in some way, one can still get an effective four-dimensional Newtonian
gravity.
III. SOLUTIONS OF THICK BRANE MODELS IN EXTENDED THEORIES OF
GRAVITY
In this section, we introduce some thick brane models. It is known from the RS-2 model that,
if the extra dimension is warped, it is possible to realize the localization of the matter fields and
gravitational fields on a domain wall or thin brane with an infinite extra dimension. In the RS-2
model, the thickness of the brane is neglected and so the brane is called as thin brane. However, a
brane without thickness is idealistic and a real braneworld should have a thickness. Furthermore, it
may be hard to find thin brane solutions in some higher-order derivative gravity theories, such as the
f(R) theory. It is easy to guess that a brane could be dynamically generated by some background
fields, such as one or more scalar fields. Therefore, by combining the domain wall model and the
RS-2 model, theoretical physicists investigated the so-called thick braneworld models, where the
brane solutions are smooth.
In literature, most five-dimensional thick branes are generated by one or more scalar fields with
kink-like and/or bump-like configurations [55–64], but a few brane models are based on vector
fields or spinor fields [65–67]. Higher-dimensional thick branes were also considered [68, 69]. They
are smooth generalizations of the RS-2 model. Note that these fields should not be thought of as
the matter fields that are related with those in the standard model. They are the matter fields
generating a brane. There are also some brane models without matter fields [70–72]. These branes
are embedded in higher-dimensional space-times which are not necessarily AdS far from the branes.
In this review, we mainly consider scalar-field-generated thick branes embedded in AdS space-time
and these smooth branes appear as domain walls interpolating between various vacua of the scalar
fields. Unlike the thin RS-2 model, such thick brane solutions do not have any matter fields living
on the brane [73]. In fact, all matter fields are assumed as bulk fields in thick brane models and
one needs to investigate the localization of these bulk fields on the branes, which is the subject
of the next section. In this section, we mainly consider constructions and solutions of thick brane
models in extended theories of gravity. The system is described by the action
S =
∫
d5x
√−g
[
1
2κ25
LG + LM(gMN , φI ,∇MφI)
]
, (3.1)
where the five-dimensional gravitational constant κ5 is related to the five-dimensional Newton
constant G
(5)
N and the five-dimensional Planck mass scale M∗ as
κ25 = 8πG
(5)
N =
1
M3∗
. (3.2)
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Sometimes one sets κ5 = 1 for convenience. LG is the Lagrangian of gravity, and LM(gMN , φI) is
the Lagrangian of the matter fields that generate the thick brane. Note that, a five-dimensional
quantity is no longer described by a “sharp hat” from now on for convenience. For the simplest
case of general relativity and a canonical scalar field, we have
LG = R, (3.3)
LM = −1
2
gMN∂Mφ∂Nφ− V (φ), (3.4)
for which the energy-momentum tensor is
TMN = ∂Mφ∂Nφ− gMN
(
1
2
∂Pφ∂Pφ+ V (φ)
)
. (3.5)
In this review, we only consider static branes. The five-dimensional line-element which preserves
four-dimensional Poincare´ invariance is assumed as
ds2 = gMNdx
MdxN = e2Ads2brane + dy
2, (3.6)
where
ds2brane = g˜µν(x
λ)dxµdxν (3.7)
describes the geometry of the brane. Usually, we are concerned with three typical branes:
ds2brane =

ηµνdx
µdxν flat brane
e2Hx3(−dt2 + dx21 + dx22) + dx23 AdS brane
−dt2 + e2Htdxidxi dS brane
. (3.8)
For a static brane, the warp factor A and scalar fields φI are functions of the extra dimensional
coordinate y or z only, and the non-vanishing components of the energy-momentum tensor (3.5)
are
Tµν = −gµν
(
1
2
g55(∂5φ)
2 + V (φ)
)
, (3.9)
T55 =
1
2
(∂5φ)
2 − g55V (φ). (3.10)
One can make a coordinate transformation dz = e−Ady and rewrite the five-dimensional line-
element as
ds2 = e2A(ds2brane + dz
2), (3.11)
which is very useful in the derivation of the perturbation equations of gravity and localization
equations of various bulk matter fields in the current and next sections. The dynamical field
equations read as
RMN − 1
2
RgMN = κ
2
5 TMN , (3.12)

(5)φ ≡ gMN∇M∇Nφ = Vφ, (3.13)
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whose non-vanishing component equations in the (xµ, y) and (xµ, z) coordinates are
3
(
εH2e−2A −A′′ − 2A′2) = κ25(12φ′2 + V
)
, (3.14)
6
(− εH2e−2A +A′2) = κ25(12φ′2 − V
)
, (3.15)
4A′φ′ + φ′′ = Vφ, (3.16)
and
3
(
εH2 − ∂2zA− ∂zA2
)
= κ25
(
1
2
(∂zφ)
2 + e2A(z)V
)
, (3.17)
6
(− εH2 + ∂zA2) = κ25(12(∂zφ)2 − e2A(z)V
)
, (3.18)
e−2A
(
3∂zA∂zφ+ ∂
2
zφ
)
= Vφ, (3.19)
respectively. Here, primes denotes the derivatives with respect to the extra dimensional coordinate
y, and ε = 1, − 1, and 0 for de Sitter, AdS, and flat brane solutions, respectively. Note that only
two of the above equations (3.14)-(3.16) (or (3.17)-(3.19)) are independent.
Before going to extended theories of gravity, we introduce some brane solutions in GR. The first
example of a flat brane was given in Ref. [73]:
e2A(y) = sech
4v2
9 (ky)e
v2
9
sech2(ky), (3.20)
φ(y) =
v
κ5
tanh(ky), (3.21)
V (φ) =
k2
54κ25v
2
[
27v4 − 18v2 (2v2 + 3) κ25φ2 + 3 (8v2 + 9)κ45φ4 − 4κ65φ6]. (3.22)
A de Sitter thick brane solution in a five-dimensional space-time for the potential
V (φ) =
1 + 3α
2ακ25
3H2
(
cos
(κ5φ
v
))2(1−α)
(3.23)
was found in Ref. [74]:
e2A(z) = sech2α
(Hz
α
)
, (3.24)
φ(z) =
v
κ5
arcsin
(
tanh
(Hz
α
))
, (3.25)
where v =
√
3α(1 − α), 0 < α < 1, H > 0. The domain wall configuration with warped geometry
is dynamically generates by the soliton scalar. At last, we list the AdS brane solution found in
Ref. [57]:
V (φ) =
3k2
2κ25
(
4− v2 cosh2
(
κ5φ(y)
v
))
, (3.26)
φ(y) =
v
κ5
arcsinh(tan(ky)), (3.27)
e2A(y) =
3H2
k2 (v2 − 3) cos
2(ky). (3.28)
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It is obvious to see that the thick brane is bounded in the interval y ∈ (− π2k , π2k).
Gauge-invariant fluctuations of the branes were analyzed in Ref. [75], where scalar, vector and
tensor modes of the geometry were classified according to four-dimensional Lorentz transformations.
It was shown that the tensor zero mode is localized on the brane, which ensures the four-dimensional
Newton’s law of gravitation, while the scalar and vector fluctuations have no normalizable zero
mode and hence are not localized on the brane. In Ref. [76], Herrera-Aguilar et al. considered
the mass hierarchy problem and the corrections to Newton’s law in thick branes with Poincare´
symmetry both in the presence of a mass gap in the graviton spectrum and without it.
There is a special class of theories with noncanonical fields, namely the K-field theory, which
was first proposed to drive the inflation with generic initial conditions [77, 78]. This kind of theory
introduces a general noncanonical Lagrangian L ≡ LM(X,φ), where
X = −1
2
gMN∂Mφ∂Nφ. (3.29)
For example, L = F(X) − V (φ) is a simple one. The flat thick braneworld models generated by
K field were considered in Ref. [79], and the solutions with perturbative procedure in Ref. [80]. In
Ref. [79], Christoph Adam et al. chose a (non-standard) kinetic term such that the resulting kink
in the extra dimension is a compacton, both with and without gravitational backreaction. This is
slightly different from the thick branes of Refs. 113-115 which are not compactons. Compactons
have some peculiar features (e.g. linear fluctuations are restricted to within the compacton, and the
spectrum of perturbations is purely discrete). It was shown that, even with gravity included, the
brane solutions remain compactons and are linearly stable [81]. The exact solutions with specific
model L = X−αX2−V (φ) were given in Ref. [82]. The system of a flat thick braneworld consists
of the equations
−3∂2yA = κ25LX(∂yφ)2, (3.30a)
6(∂yA)
2 = κ25(L+ LX(∂yφ)2), (3.30b)
and
(∂2yφ)(LX + 2XLXX) + Lφ − 2XLXφ = −4LX(∂yφ)(∂yA). (3.31)
The work [80] developed a first-order formalism to solve the K-brane system by assuming
∂yA = −1
3
W (φ). (3.32)
Using this assumption Eqs. (3.30) can be written as
Wφ = κ
2
5LX(∂yφ)2, (3.33a)
2
3
W 2 = κ25(L+ LX(∂yφ)2). (3.33b)
For small parameter α, one can get the analytic solutions. Reference [82] gives another approach
which is able to get the exact solutions. The strategy is to assume
∂yA = −1
3
[W (φ) + αY (φ)] , (3.34)
∂yφ = Wφ, (3.35)
where Y (φ) satisfies Yφ =W
3
φ . One can choose the superpotential as
W = kφ20 sin
(
φ
φ0
)
(3.36)
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to get the Sine-Gordon solution:
φ = φ0arcsin
(
tanh(ky)
)
, (3.37)
A = −
(
1 +
2
3
k2αφ20
)
ln(cosh(ky))− 1
6
k2αφ20 +
1
6
k2αφ20sech
2(ky), (3.38)
V = −k
2φ20
18
(
6 + 5k2αφ20 + k
2αφ20 cos
(
2φ
φ0
))2
sin2
(
φ
φ0
)
+
1
2
k2φ20 cos
2
(
φ
φ0
)
+
3
4
k4αφ40 cos
2
(
φ
φ0
)
. (3.39)
The analysis of tensor and full linear perturbations can be found in Refs. [80, 83]. The tensor
mode is similar to the standard case, while the scalar mode has significant difference. The work
[83] shows that the scalar perturbation mode cannot be canonically normalized in the conformally
flat coordinate z, and needs another coordinate transformation. The scalar zero mode cannot be
localized on the brane, provided that LX > 0 and 1 + 2LXXXLX > 0.
In Ref. [84], a de Sitter tachyon thick braneworld was considered with the following action:
S =
∫
d5x
√−g
[
1
2κ25
R− Λ5 − V (φ)
√
1 + gMN∂Mφ∂Nφ
]
, (3.40)
where φ is a tachyonic bulk scalar field. It was shown that the four-dimensional gravity is localized
on the brane, and it is separated by a continuum of massive KK modes by a mass gap. The
corrections to Newton’s law in this model decay exponentially. The stability of the de Sitter tachyon
braneworld under the scalar sector of fluctuations for vanishing and negative bulk cosmological
constant was also investigated [85]. Corrections to Coulomb’s law and fermion field localization
were computed in Ref. [86].
Next we will introduce the thick brane models in extended theories of gravity.
A. Metric f(R) theory
Among the large amount of proposals of extended theories of gravity, the f(R) theory [87] has
received growing interests due to its unique advantage: it is the simplest modification with higher-
derivative curvature invariants, which are required by renormalization. In addition, some other
theories with curvature invariants like RMNR
MN and RMNPQR
MNPQ (except the Guass-Bonnet
term) would inevitably lead to Ostrogradski instability [88]. This makes the f(R) theory most
likely the only tensor theory of gravity that allows higher derivatives.
Now let us review the five-dimensional thick brane model in the metric f(R) theory coupled
with a canonical scalar field with the Lagrangian (3.4). The action is given by
Smet =
∫
d5x
√−g
[
1
2κ25
f(R)− 1
2
gMN∂Mφ∂Nφ− V (φ)
]
. (3.41)
The gravitational field equations read as
fRRMN − 1
2
f gMN −
(
∇M∇N − gMN(5)
)
fR = κ
2
5 TMN , (3.42)
(5)φ ≡ gMN∇M∇Nφ = Vφ, (3.43)
where fR and Vφ are defined as fR ≡ df(R)dR and Vφ ≡ dV (φ)dφ . We only consider flat branes generated
by a canonical scalar field, for which the line-element is given by
ds2 = gMNdx
MdxN = e2A(y)ηµνdx
µdxν + dy2
= e2A(z)
(
ηµνdx
µdxν + dz2
)
. (3.44)
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Then the field equations (3.42) and (3.43) read as
f + 2fR
(
4A′2 +A′′
)− 6f ′RA′ − 2f ′′R = κ25(φ′2 + 2V ), (3.45)
−8fR
(
A′′ +A′2
)
+ 8f ′RA
′ − f = κ25(φ′2 − 2V ), (3.46)
4A′φ′ + φ′′ = Vφ, (3.47)
where the primes represent derivatives with respect to the coordinate y. This is a system with
fourth-order derivatives on the metric. In general, it would be extremely hard to solve these fourth-
order non-linear differential equations analytically. However, it is widely believed that the f(R)
theory is equivalent to the Brans-Dicke theory with the Brans-Dicke parameter ω0 = 0. Hence, it
would be more comfortable to operate in the Brans-Dicke theory, which contains only up to second-
order derivatives. This is actually the strategy used in Ref. [89]. Some thick brane solutions in the
higher-order frame were studied in Refs. [90, 91]. However, they are not perfect since the solution
in Ref. [90] has singularity while the solution in Ref. [91] is numerical.
The first exact solution in higher-order frame was given in Ref. [92], where the specific model
with
f(R) = R+ γR2 (3.48)
was considered. The solution of equations (3.45)-(3.47) comes from the observation that only two
of these equations are independent because of the conservation of the energy-momentum tensor
[93]. This implies that one can solve the equations by giving one of the three functions, namely,
the warp factor eA(y), the scalar field φ(y), and the scalar potential V (φ). The prior choice is to
assume the solution of eA(y) since the fourth-order derivatives only act on A(y). With such choice,
one only needs to solve the second-order field equations. To get an asymptotically AdS5 geometry,
the warp factor can be assumed as [92]
eA(y) = sech (ky) . (3.49)
Then the scalar field and scalar potential can be solved as [92]
φ(y) = v tanh (ky) , (3.50)
V (φ) = λ(5)(φ2 − v2)2 + Λ5
2κ25
, (3.51)
where the parameters are related by
λ(5) =
29
98
κ25k
2, v =
√
3
29
7
κ5
, Λ5 = −318
29
k2, γ =
3
232k2
. (3.52)
This is a φ4 type potential with the vacua located at φ = ±v. It can be seen that the spatial
boundaries y = ±∞ are mapped to the minima of the scalar potential. For the same f(R) (3.48),
a general solution with the warp factor eA(y) = sechB(ky) was constructed in Ref. [94].
Bazeia et al. [94] considered the generalised model with some other polynomial and nonpolyno-
mial potential solutions. They expanded the scalar field as φ(y) = φ0(y)+αφα(y), and then wrote
the scalar potential and warp function as V (φ) = V0(φ) + αVα(φ) and A(y) = A0(y) + αAα(y),
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with α a small parameter. To the first order of α, the solution is [94]
φ(y) = v tanh(ky) + α
3∑
n=0
Cφn tanh
2n+1(ky), (3.53)
V (φ(y)) =
3∑
n=0
CV n tanh
2n(ky) + α
6∑
n=0
CV n+4 tanh
2n(ky), (3.54)
A(y) = CA1
(
sech2(ky) + 4 ln sech(ky)
)
+ α
4∑
n=2
CAnsech
2n(ky), (3.55)
where Cφn, CV n, and CAn are some coefficients related to the parameters α, γ, and κ5. They also
considered the case of multiple scalar fields in Ref. [95], where the first-order formalism method
was developed.
There are also some pure geometric thick f(R)-branes without any scalar field. Zhong and Liu
[71] gave the solutions for triangular f(R) and polynomial f(R). Here we list the solution for the
latter [71]:
f(R) = Λ5 + c1R− c2
k2
R2 +
c3
k4
R3, (3.56)
eA(y) = cosh−20 (ky) , (3.57)
where Λ5 is the five-dimensional cosmological constant, and cn are dimensionless constants. Fur-
thermore, a class of exact solutions in D dimensions were found by Lu¨ et al. [72]. One of solutions
of the warp factor is
eA(y) =
[
ebDy cosh2(ky)
] 2
αD
. (3.58)
The corresponding f(R) has a complex form.
The stability of the tensor perturbation of general background was analyzed in Ref. [96]. The
perturbed metric is
ds2 = e2A(z)
[
(ηµν + hµν)dx
µdxν + dz2
]
, (3.59)
where hµν is a transverse-traceless tensor, namely, η
µνhµν = 0 = ∂µh
µ
ν . By making the decompo-
sition
hµν(x
ρ, z) = (a−3/2f−1/2R )ǫµν(x
ρ)ψ(z), (3.60)
where a ≡ e2A, one can derive that the KK mode ψ(z) of the tensor perturbation satisfies the
following Schro¨dinger-like equation [96]:[−∂2z +W (z)]ψ(z) = m2ψ(z), (3.61)
where the effective potential is given by
W (z) =
3
4
(∂za)
2
a2
+
3
2
∂2za
a
+
3
2
∂za∂zfR
afR
− 1
4
(∂zfR)
2
f2R
+
1
2
∂2zfR
fR
. (3.62)
One can check that this equation can be factorized as
KK† ψ(z) = m2ψ(z) (3.63)
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with
K = ∂z + 3
2
∂za
a
+
1
2
∂zfR
fR
, (3.64)
K† = −∂z + 3
2
∂za
a
+
1
2
∂zfR
fR
, (3.65)
which ensures that there is no graviton mode with m2 < 0. The graviton zero mode (the four-
dimensional massless graviton) can be solved as
ψ0 ∝ (a3fR)1/2. (3.66)
Note that to make sure ψ0 is real, fR should be positive. This also avoids the graviton ghost. The
recovering of four-dimensional gravity on the brane requires the normalization of graviton zero
mode, namely ∫ +∞
−∞
(ψ0)
2dz <∞. (3.67)
For the solution given in Ref. [92], this condition can certainly be satisfied. Thus the four-
dimensional gravity can be obtained. Besides the bound graviton zero mode, there are continuous
unbound massive graviton KK modes. They will have a contribution to Newton’s law of gravitation
at short distance. The structure of other f(R)-brane models given in Ref. [94, 97] was analyzed in
Ref. [98], where the effective potential for the graviton KK modes may have a singular structure
and there is a series of graviton resonant modes.
There is a problem that should be mentioned here. The above analysis involved the tensor mode
only. This is not complete since the full perturbations contain tensor, vector, and scalar modes.
In the original RS-1 model [16], the fluctuation of the extra dimension radius gives a scalar mode
(radion). If the extra dimension is not stabilized, the radion will be massless, which will contribute
a long range fifth force. This is undoubtedly unacceptable. If the Goldberger-Wise mechanism [99]
is introduced, the extra dimension radius can be stabilized and the radion will becomes massive.
In thick braneworld scenario constructed with a background scalar field, the radion-like scalar
mode has a continuous mass spectrum. But there is still a massless radion-like scalar mode. So the
recovering of four-dimensional gravity implies that the scalar zero mode should not be localized.
For general relativity coupled with a scalar field, the scalar zero mode is not localized.
However, the situation is completely different for the case of the f(R) gravity. The tensor and
vector modes are similar to the case of general relativity while the scalar mode is very different. In
the higher-order frame, the dynamical equation of the scalar mode would be fourth order, which
implies that there are actually two scalar degrees of freedom. Recall that the f(R) theory is
equivalent to the Brans-Dicke theory. Based on this fact, the scalar perturbations of the f(R)
theory can be investigated in the frame work of scalar-tensor theory, and we will review this part
in section IIID.
B. Palatini f(R) theory
It is well known that there are two different formalisms in f(R) theories of gravity, namely, the
metric formalism and the Palatini formalism [87]. In Palatini formalism, metric and connection are
two independent fundamental variables. In general relativity these two formalisms are completely
equivalent, but usually they will lead to different predictions in modified theories of gravity. Dif-
ferent from the metric f(R) theory, the Palatini f(R) theory will lead to a second-order system.
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In this subsection, we consider thick brane models in the Palatini f(R) theory. The action is given
by
SPal =
∫
dDx
√−g
[
1
2κ2D
f(R(g,Γ)) − 1
2
gMN∂Mφ∂Nφ− V (φ)
]
, (3.68)
and the metric is also described by (3.44). Variation with respect to the metric g and the connection
Γ yields two equations of motion:
fRRMN − 1
2
f gMN = κ
2
DTMN , (3.69)
∇˜A
(√−gfRgMN) = 0, (3.70)
where ∇˜A is compatible with the independent connection Γ. For the case of f(R) = R, the theory
is equivalent to general relativity. It would be convenient to define an auxiliary metric qMN by
√−q qMN ≡ √−gfRgMN . (3.71)
Now ΓPMN and RMN (Γ) can be viewed as the connection and Ricci tensor constructed from the
auxiliary metric qMN , respectively. One can eliminate the independent connection from the field
equations by using the relation (3.71), and obtain the following equations concerned with the metric
only:
GMN =
κ2DTMN
fR
− 1
2
gMN
(
R− f
fR
)
+
1
fR
(∇M∇N − gMN∇A∇A) fR
− D − 1
(D − 2)f2R
(
∇MfR∇NfR − 1
2
gMN∇AfR∇AfR
)
. (3.72)
In addition, contracting Eq. (3.69) with gMN , one gets an algebraic equation of R and T :
fRR− D
2
f = κ2DT . (3.73)
This implies that f(R) is just an algebraic expression of T . From this point of view, we can see
that Eq. (3.72) clearly tells that the Palatini f(R) theory modifies the matter sector of Einstein
equations. Note that there are derivatives on f(R) and fR(R) and thus T . This structure would
lead to surface singularity of stars [100], and also give higher derivatives on the matter fields. This
is a significant difference with the metric f(R) theory, which has higher derivatives on the metric.
For more details about the Palatini f(R) theory, see Refs. [87, 101].
The thick braneworld model in five-dimensional space-time with a scalar field in the Palatini
f(R) theory was first considered in Ref. [102]. The authors considered the flat braneworld model
and introduced two methods to solve the system. In the first method, they assumed the following
relations
dφ
dy
= b cos(bφ), (3.74)
fR =
(
1 + ab2 cos2(bφ)
)−3/4
, (3.75)
from which one can get φ(y) and f(R(y)), but it is hard to get the expression of f(R). The solution
for φ(y) and A(y) is [102]
φ(y) =
1
b
arcsin(tanh(b2y)), (3.76)
A(y) = −A0 + ln(U) + 2κ
2
5
27b2
U3 − κ
2
5
3b2
(
1 +
2ab2
3
)[
arctanh
( 1
U
)
+ arctan(U)
]
, (3.77)
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where U(y) = (1 + ab2sech2(b2y))1/4. They also used the perturbative method to consider the
model f(R) = R + ǫRn with ǫ a small parameter. To the first order of ǫ, the analytic solutions
were obtained.
The complete solutions were first obtained in Ref. [103], and the tensor perturbation was also
investigated therein. As mentioned above, the field equations (3.72) contain second-order deriva-
tives on the trace of the energy-momentum tensor. This means that the field equations (3.72)
contain third-order derivatives on the scalar field and it is not a convenient choice to solve the
equations (3.72).
The work [103] gave a strategy which avoids solving the higher-derivative equations. Note that
the original equations (3.69) and (3.70) are second order at most, hence are much easier to solve.
For the assumption of the space-time metric (3.44), the auxiliary metric qMN is given by
ds˜2 = qMNdx
MdxN = u2(y)ηµνdx
µdxν +
u2(y)
a2(y)
dy2, (3.78)
where u(y) = a(y)f
1/3
R . In terms of these variables, the field equations (3.69) are reduced to(
6
u′2
u2
− 3a
′
a
u′
u
− 3u
′′
u
)
fR = κ25φ
′2, (3.79)
5fR
(
a′
a
u′
u
+
u′′
u
)
− 2fRu
′2
u2
+ f = 2κ25V. (3.80)
The above two equations and the scalar field equation

(5)φ = Vφ (3.81)
constitute the system to be solved. For the model f(R) = R+ αR2, one can assume the relation
u(y) = c1a
n(y) with n 6= 0, then the system can be solved [103]:
a(y) = sech
2
3(n−1) (ky), (3.82)
V (y) = v1sech
4(ky) + v2sech
2(ky) +
Λ5
2κ25
, (3.83)
φ(y) = φ0
[
i
√
3 E
(
iky,
2
3
)
− i
√
3 F
(
iky,
2
3
)
+
√
2 + cosh(2ky) tanh(ky)
]
, (3.84)
where F(y,m) and E(y,m) are the incomplete elliptic integrals of the first and second kinds,
respectively. With some analyses on the energy density the parameters are constrained to be
α > 0 and n < −2/3 or 0 < n < 1/6 or n > 1. Note that the warp factor is infinite at boundary
for 0 < n < 1/6 or n < −2/3. Usually, the scalar potential should be a function of the scalar field
φ, but in this case it cannot be solved.
Different from the background solutions, it would be more convenient to consider the gravity
fluctuations with the equation (3.72). The final equation is similar to the case of the metric f(R)
theory [103]:
KK†Ψ(z) = m2Ψ(z), (3.85)
where K = ∂z + 32∂z ln a + 12∂z ln fR and Ψ(z) is defined by hµν(xσ, z) = εµν(xσ)(a3fR)1/2Ψ(z).
Again, fR should be positive to keep the graviton zero mode real and to avoid the graviton ghost.
It can be easily checked that the solutions (3.82) always support localized graviton zero mode
Ψ(z(y)) ∝ sech nn−1 (ky). There is a new feature, which is different from the regular case. For
n < −2/3, the effective potential is an infinitely deep potential well, for which all the states are
bounded. However, the four-dimensional gravity can still recover, but with a tiny correction [103].
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C. Eddington inspired Born-Infeld theory
There is another Palatini gravity theory which is widely considered in recent literatures, namely,
the Eddington inspired Born-Infeld (EiBI) gravity theory [104]. It is an extension of Eddington’s
gravity theory, and contains the matter Lagrangian absent in Eddington’s theory. The thick
braneworld model was considered in Refs. [105, 106]. The action of the theory is [104]
S(g,Γ,Φ) =
1
κ25b
∫
d5x
[√
−|gMN + bRMN (Γ)| − λ
√
−|gMN |
]
+ SM (g,Φ), (3.86)
where b and λ are some parameters, and RMN (Γ) is the Ricci tensor built from the independent
connection Γ. As mentioned in the last subsection, the Palatini version of a gravitational theory
abandons the priority of the metric, so the variation has to be made with respect to both of the
metric and connection. The field equations are√−|gPQ + bRPQ|√−|gPQ| [(gPQ + bRPQ)−1]MN − λgMN = −κ5bTMN , (3.87)
∇˜K(
√−qqMN) = 0, (3.88)
where qMN ≡ gMN + bRMN is the new introduced auxiliary metric which satisfies qMNqMP = δPN ,
and the covariant derivative ∇˜ is compatible with this metric. The work [105] constructed a flat
brane generated by a canonical scalar field. By using the auxiliary metric and assuming the relation
φ′(y) = Ka2(y), the authors obtained an analytic domain wall solution:
a(y) = sech
3
4 (ky), (3.89)
φ(y) = φ0
(
iE(
ky
2
, 2) + sech
1
2 (ky) sinh(ky)
)
, (3.90)
V (φ(y)) =
7
√
21
24bκ5
sech3(ky)− λ
bκ5
, (3.91)
where k = 2√
21b
. Note that the scalar potential is expressed in terms of the space-time coordinates.
However, according to the scalar field equation one can still find that the spatial boundaries y = ±∞
are mapped to the minimum of the scalar potential V (φ). Besides, it can be easily checked that
the energy density localizes near the origin.
The above solution was generalised in Ref. [106] by imposing some more general assumptions
φ′(y) = Ka2n(y) and φ′(y) = K1a2(y)(1−K2a2(y)). Under these assumptions, some solutions with
interesting features, like double kink solution, are allowed.
References [105–107] investigated linear perturbations of the EiBI brane system. It was found
that the tensor perturbation is stable for the above models [105, 106] and the stability condition
for the scalar perturbations of a known analytic domain wall solution with e2A(y) = sech
3
2p is
0 < p <
√
8 [107]. Quasi-localization of gravitational fluctuations was also studied [106].
D. Scalar-tensor theory
The scalar-tensor theory has long been considered as an alternative gravity theory that deviates
from general relativity. It was first proposed from the inspiration of Mach’s principle by Brans and
Dicke [108] in 1961. Thin braneworld models in this theory were studied in Refs. [109–111], and
23
thick braneworld models in Refs. [109, 112–117]. Here we only review the thick brane models. We
consider the following action in Jordon frame:
S =
∫
d5x
√−g
(
1
2κ25
F (φ)R − 1
2
(∂φ)2 − V (φ) + LM(gMN , ψ)
)
, (3.92)
where F (φ) is a positive function in order to avoid the problem of antigravity. In Jordon frame
the scalar field φ non-minimally couples to the Ricci scalar. In Einstein frame φ does not couple
to the Ricci scalar, but couples to the matter sector. For the flat brane assumption (3.44) and
LM(gMN , ψ) = 0, the equations of motion are
3F (4A′2 +A′′) + 7A′F ′ + F ′′ = −2κ25V, (3.93)
3FA′′ −A′F ′ + F ′′ = −κ25φ′2, (3.94)
κ25φ
′′ + 4κ25A
′φ′ − 2Fφ(2A′′ + 5A′2) = κ25Vφ. (3.95)
One of the analytic solutions with F (φ) = 1− ακ25φ2 was given in Ref. [109]:
φ(y) =
1
κ5
√
3(1− 6α)
α(1 − 2α) tanh(ky), (3.96)
A(y) = −(α−1 − 6) ln cosh(ky), (3.97)
V (φ) =
k2
6α
[
9− 54α
(1− 2α)κ25
+ 6(α(7 + 24α) − 2)φ2 + α(1 − 2α)(3 − 16α)(4 − 12α)
1− 6α κ
2
5φ
4
]
,(3.98)
where the parameter α should satisfy 0 < α < 16 . Reference [113] found another interesting
solution:
F (φ) =
v2
3
+
(
1− v
2
3
)
cosh(
√
3κ5
v
φ), (3.99)
φ(y) =
v
κ5
arctan(sinh ky), (3.100)
A(y) = − ln cosh(ky), (3.101)
V (φ) =
v2k2
2κ25
cos2(
κ5φ
v
) +
2k2√
3κ25
(
3− v2) sin(2κ5φ
v
) sinh(
√
3κ5φ
v
)
−k
2
κ25
(
2v2 + (6− 2v2) cosh(
√
3κ5φ
v
)
)
sin2(
κ5φ
v
). (3.102)
To avoid antigravity, it requires F > 0 and thus
0 < v2 <
3 cosh(
√
3π/2)
3 cosh(
√
3π/2) − 1 . (3.103)
All of these solutions constitute of domain walls, which can localize gravity and some matter fields.
Such kind of works can be found in Refs. [114, 118].
The tensor perturbation and localization of gravity were investigated in Refs. [109, 113, 114],
and we will not review this part. What is more interesting is the scalar perturbations, which have
obvious differences with that of general relativity. However, the more general cases are the models
with multiple scalars. Hence it would be more meaningful to consider multiple scalars.
The study of scalar perturbations of general relativity with multiple canonical scalars can be
found in Refs. [119, 120]. For superpotential models, it has been shown that there is no tachyon
24
instability, and only odd scalars can avoid the localized scalar zero mode. In particular, for the
double field theory, there is always a normalizable zero mode.
The scalar perturbations of N nonminimally coupled scalars were systematically studied in
Ref. [121] in Einstein frame, in which the theory is just general relativity with nonminimaly coupled
scalar fields. The action is
S =
∫
dDx
√−g
[
1
2κ2D
R+ P
(GIJ ,XIJ ,ΦI)] , (3.104)
where XIJ = −12gMN∂MΦI∂NΦJ is the kinetic function, GIJ is the field-space metric, and P is
the Lagrangian of the scalars. Here, indices I, J,K,L, · · · (= 1, 2, · · · ,N ) denote N -dimensional
field-space indices lowered or raised by the field-space metric G or its inverse, while M,N,P,Q, · · ·
run over D-dimensional ones of the space-time. Using the Arnowitt-Deser-Misner variables and
some calculations in the flat gauge, the coupled equations of the independent N scalar modes
(δΦI = QI) can be obtained [121]:
1
aD−1
Dy(an−1DyQI)− 1
a2
m2QI −MJIQJ = 0, (3.105)
where
MIJ = V;IJ −RIKJLuKuL + UIJ , (3.106)
UIJ = 2
(D − 2)aD−1Dy
(
aD−1
A′
uIuJ
)
, (3.107)
uI ≡ ∂yΦI0. (3.108)
Here Dy = uIDI with DI the covariant derivative compatible with the field-space metric GIJ , and
RIKJL is the Riemann tensor constructed from the field space metric GIJ . If the field space is
one-dimensional, Eq. (3.105) is an usual Schro¨dinger-like equation. However, for the field-space
with multi-field, Eq. (3.105) becomes a series of coupled equations. Generally, Eq. (3.105) cannot
be factorized, but there is an exception. If the background solution is obtained by using the
superpotential method, then this equation can be factorized in a supersymmetric formalism:
(−δIJDy − ZIJ + (D − 1)δIJW ) (δJKDy − ZJK)QK = m2a2 QI (3.109)
with
ZIJ = (D − 2)
(
W I;J −
W IWJ
W
)
. (3.110)
Here W = −A′(y) is the superpotential. The above equations mean that there is no tachyon
instability since∫
dye(D−3)Am2QIQI =
∫
dyaD−1QI
(−δIJDy − ZIJ + (D − 1)WδIJ) (δJKDy − ZJK)QK
=
∫
dyaD−1|DyQI − ZIJQJ |2 ≥ 0. (3.111)
The scalar zero modes satisfy
DyQI − ZIJQJ = 0. (3.112)
25
Now it is clear that the zero mode solutions are totally determined by the background solutions.
For singular scalar case, the zero mode solution is
QI = uI/A
′. (3.113)
It cannot be localized on the brane for asymptotically AdS5 domain wall solution. For multiple
scalars case, it is more convenient to define the tetrad fields satisfying
eiIe
j
Jδij = GIJ , eiIeIj = δij, DyeiI = 0, (3.114)
and make a decomposition QI =
∑
i e
i
IQi(m
2, y)eipµx
µ
with ηµνpµpν = −m2. In the conformally
flat coordinate z and in terms of the canonically normalized modes Q˜i ≡ a(D−2)/2Qi, one gets the
coupled Schro¨dinger-like equations [121]
−∂2z Q˜i +
[(
(D − 2)2
4
(∂zA)
2 − (D − 2)
2
∂2zA
)
δji + a
2Mji
]
Q˜j = m
2Q˜i. (3.115)
Actually, if the potential matrix Mji is positive definite then there is no localized zero mode. The
localized states should satisfy ∫ +∞
−∞
dyaD−3GIJQIQJ <∞. (3.116)
If one separates the field space into the background trajectory direction and its orthogonal space,
then the perturbed modes are Qσ and ~Qs, and the localization condition can be expressed as∫ +∞
−∞
dyaD−3( ~Q2s +Q
2
σ) <∞. (3.117)
For the double-scalar superpotential case, for instance, Qσ =
uI
|uI |QI and Qs =
DyσI
|DyσI |QI , and the
zero modes are given by
Qs = e
(D−2) ∫ dyWss , (3.118)
Qσ =
√
W ′
W
∫
dy
ωW√
W ′
Qs, (3.119)
with Wss = W,IJs
IsJ . The superpotential background solutions would lead to a normalized zero
mode. It means that we will have a massless scalar field on the brane. This result is conflicted
with observations for the fifth dimension and is not acceptable [120].
As mentioned in section IIIA, the metric f(R) theory can be studied in the context of scalar-
tensor theory, hence one of the application of the above analysis is the scalar perturbations of
the metric f(R) theory. Obviously, the metric f(R) theory with a scalar field is equivalent to a
scalar-tensor theory with two scalars in Jordon frame, or general relativity with two nonminimally
coupled scalars in Einstein frame. Using the above results and considering the solution given in
Ref. [92], we can show that the scalar perturbations are stable and no massless scalar mode can be
localized on the brane [121].
E. f(T ) theory
In this subsection we will give a brief review of the thick braneworld scenarios in the f(T ) gravity
theory. Since the f(T ) theory is successful in explaining the acceleration of the universe [122], it
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has been investigated widely (for examples, see Refs. [123–128] and therein). The braneworld
models in the f(T ) theory have been studied in Refs. [129–131].
First, the f(T ) theory is the generalization of the teleparallel gravity, so we will review the
basics of the teleparallel gravity briefly [132, 133]. The tangent space of any point in the specetime
with the coordinate xM can be expanded based on the orthogonal basis which is formed by the
vielbein fields eA(x
M ). In this subsection, the Capital Latin letters A,B,C, · · · = 0, 1, 2, 3, 5 label
the tangent space, while M , N , O, P , · · · still represent the five-dimensional space-time indices.
Obviously, the vielbein fields eA(x
M ) are vectors in the tangent space, and their components in
the coordinates of space-time are labeled as eA
M . The relation between the metric and vielbein is
gMN = e
A
Me
B
NηAB, (3.120)
where ηAB = diag(−1, 1, 1, 1, 1) is the Minkowski metric of the tangent space. From the relation
(3.120) we can get
eA
MeAN = δ
M
N , eA
MeBM = δ
B
A . (3.121)
The connection Γ˜PMN (Weitzenbo¨ck connection) in the teleparallel gravity is defined as
Γ˜PMN ≡ eAP∂NeAM . (3.122)
The torsion tensor is
TPMN = Γ˜
P
MN − Γ˜PNM . (3.123)
The contortion tensor KPMN is defined as the difference between the Weitzenbo¨k connection and
Levi-Civita connection
KPMN ≡ Γ˜PMN − ΓPMN =
1
2
(
T PM N + T
P
N M − TPMN
)
. (3.124)
The Lagrangian of the teleparallel gravity in five dimensions can be written as
LT = −M
3∗
4
e T ≡ −M
3∗
4
eS MNP T
P
MN , (3.125)
where e is the determinant of eAM , M∗ is the fundamental Planck scale in five-dimensional space-
time (we will set M∗ = 1 in the following) and we have defined the tensor S MNP as
S MNP ≡
1
2
(
KMNP − δNP TQMQ + δMP TQNQ
)
. (3.126)
The action of the f(T ) theory is
S = −M
3∗
4
∫
d5x e f(T ) +
∫
d5x e LM , (3.127)
where f(T ) is a function of the torsion scalar T and LM denotes the Lagrangian of matters. The
equations of motion can be obtained by varying the action with respect to the vielbein fields:
e−1fT gNP∂Q
(
e S PQM
)
+ fTTS
Q
MN ∂QT − fT Γ˜P QMSPNQ +
1
4
gMNf(T ) =M
−3
∗ TMN . (3.128)
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The flat thick brane solutions for the f(T ) theory were obtained in Refs. [129, 130]. In the case
of f(T ) = T + αT n and LM = −12∂Mφ∂Mφ− V (φ), the authors of Ref. [130] found the following
solution:
A(y) = −2
3
v1/n
∫
dy tanh
1
n−1 (ky), (3.129a)
φ(y) = v tanh
n
2(n−1) (ky), (3.129b)
V (φ) =
2
n2
φ2(φ
2−2n
n −Bnφ
2n−2
n )− 4
3
(φ
4
n − Bn
n
φ4), (3.129c)
where Bn = (−1)n31−n24n−4n(2n − 1)α and k = 4(n − 1)
√
Bn/n
2, and the scalar potential has
two global minima at φ = ±v = ±B
n
4(n−1)
n and a local minimum at φ = φ0 = 0. In Ref. [129], two
explicit analytical thick solutions were found. The first solution is for n = 0 or n = 12 :
e2A(y) = cosh−2b(ky), (3.130a)
φ(y) =
√
6bM
3
2∗ arctan
(
tanh
(ky
2
))
, (3.130b)
V (φ) =
3bk2M3∗
4
[
(1 + 4b) cos2
(
2φ
√
6bM
3
2∗
)
− 4b
]
. (3.130c)
The second one is for n = 2:
e2A(y) = cosh−2b(ky), (3.131a)
φ(y) =
√
3b
2
M
3/2
∗
[
i
√
2E (iky;u)− i
√
2F (iky;u) + tanh(ky)
√
72αb2k2 + u cosh(2ky) + 1
]
,(3. 31b)
V (φ(y)) =
3
4
bk2M3∗
[
144αb3k2 tanh4(ky)− 4b tanh2(ky) (18αbk2sech2(ky) + 1) + sech2(ky)],(3.131c)
where u = 1 − 72αb2k2 and b, k are positive parameters, and F (y; q) and E(y; q) are the first and
second kind elliptic integrals, respectively. For the case n = 2, it requires that 72αk2b2 < 1 in
order to insure the reality of the scalar field φ.
The Lagrangian density of the matter was generalized to a generic form LM = X + λ[(1 +
βX)p − 1] − V (φ) in Ref. [130], where X = −12∂Mφ∂Mφ. The parameter β is positive and λ is
real. The analytical solution was found for p = 2, λ = −36αk7, β = 43k−5:
A(y) =
M3∗
k3
ln
(
sech
(
k4
M3∗
y
))
, (3.132a)
φ(y) =
√
3
2
M3∗
k3/2
arcsin
(
tanh
(
k4
M3∗
y
))
, (3.132b)
V (φ) =
3
8
k2
C1 cos
4
√
2
3k
3/2φ
M3∗
+ C2 cos
2
√
2
3k
3/2φ
M3∗
+ C3
 , (3.132c)
where C1 = 9αk
2
(
3k3 + 4M3∗
)
, C2 = 36αk
5 + k3 − 144αk2M3∗ + 4M3∗ and C3 = 9αk5 + k3 +
108αk2M3∗ − 4M3∗ .
Besides, the localization of four-dimensional gravity was studied in Ref. [131] by analyzing
linear tensor perturbation of the vielbein. It was found that the graviton KK modes of the tensor
perturbation satisfy the following equation(
∂z +K
)(− ∂z +H)ψ = m2ψ, (3.133)
28
where K = 32∂zA+ 12e−2A
(
(∂zA)
3 − ∂2zA∂zA
)
fTT
fT
, which means m2 ≥ 0, so any analytical thick
brane solutions for the f(T ) theory are stable under the transverse-traceless tensor perturbation.
The graviton zero mode has the following form
ψ0 = N0e
3
2
A+12
∫
e−2A((∂zA)3−∂2zA∂zA) fTTfT dz, (3.134)
where N0 is the normalization coefficient. It is easy to show that the zero mode of the graviton
can be localized on the brane for the above mentioned solutions.
Furthermore, there were some related work in other gravity theories, such as Weyl (pure geo-
metrical) gravity [134–139] and critical gravity [140, 141].
IV. LOCALIZATION OF BULK MATTER FIELDS
In the last section we know that the graviton zero mode of the tensor perturbation can be
localized on the brane embedded in a five-dimensional AdS space-time and the Newtonian potential
can be restored. As mentioned in the last section, all matter fields should be in the bulk in thick
brane scenario. The zero modes of various bulk matter fields confined on the brane denote the
particles or fields in the Standard Model, while the massive KK modes indicate new particles
beyond the Standard Model. So a natural question is that whether various bulk matter fields can
be localized on such brane. In order not to contradict the present observations, the zero modes
of various matter fields should be confined on the brane, while the massive KK modes can be
localized on the brane or propagate along extra dimensions. These massive KK modes give us the
possibility of probing extra dimensions through their interactions with particles in the Standard
Model [142–148]. Localization and resonances of various bulk matter fields on a brane have been
investigated in five-dimensional brane models [17, 46, 55, 84, 138, 139, 149–189] and six-dimensional
ones [151, 190–196]. In this section we will review some works about localization of bulk matters
on thick branes with the following metric
ds2 = e2A(z)
(
g˜µν(x)dx
µdxν + dz2
)
. (4.1)
A. Scalar fields
We first consider the case of scalar fields. We denote a bulk scalar field as Φ(x, y) to distinguish
with the background scalar field φ(y). A main result is that a free massless scalar field can be
localized on the brane if the gravity can.
The action of a free massless scalar field can be written as
S0 =
∫ √−g d5x(−1
2
gMN∂MΦ∂NΦ
)
. (4.2)
The equation of motion can be obtained by varying the above action with respect to the scalar
field Φ as

(5)Φ =
1√−g∂M
(√−g gMN∂NΦ) = 0. (4.3)
Combined with the conformal metric (4.1), Eq. (4.3) can be rewritten as(
∂2z + 3 (∂zA) ∂z + g˜
µν∂µ∂ν
)
Φ = 0. (4.4)
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Then, we introduce the KK decomposition Φ(xµ, y) = Σnϕn(x
µ)χn(y). By substituting this de-
composition into Eq. (4.4) and making separation of variables, one can find that ϕn satisfies the
four-dimensional Klein-Gordon equation
(
g˜µν∂µ∂ν −m2n
)
ϕn = 0, and the extra component χn
satisfies the following equation of motion(
∂2z + 3(∂zA)∂z +m
2
n
)
χn = 0. (4.5)
At last, by integrating over the extra dimension and using Eq.(4.5) and the following normalization
condition ∫ ∞
−∞
dze3Aχm(z)χn(z) = δmn, (4.6)
one can reduce the fundamental five-dimensional action (4.2) of a free massless scalar field to the
effective four-dimensional action of a massless (m0 = 0) and a series of massive (mn > 0) scalar
fields:
S0 =
∑
n
∫
d4x
√
−g˜
[
−1
2
g˜µν∂µϕn∂νϕn − 1
2
m2nϕ
2
n
]
. (4.7)
The mass spectrum mn of the KK modes is determined by the equation of motion (4.5). In
order to investigate the mass spectrum, we introduce the following field redefinition
χ˜n(z) = e
3
2
Aχn(z), (4.8)
with which Eq. (4.5) turns to be the following Schro¨dinger-like equation
[−∂2z + V0(z)]χ˜n(z) = m2nχ˜n(z), (4.9)
where mn is the mass of the n-th KK excitation of the scalar field. The effective potential V0(z)
takes the following form:
V0(z) =
3
2
∂2zA+
9
4
(∂zA)
2. (4.10)
Note that, the effective potential only depends on the warp factor A, and has the same form as
the case of graviton KK modes in general relativity [197]. That is, the scalar zero mode will be
localized on the brane on the condition that the gravity can be localized on the brane. The effective
potential has different forms for different solutions of the warp factor A. We take an explicit form as
example: A(y) = ln(sech(ky)). This typical solution of the warp factor in the conformal coordinate
has the following form:
A(z) = ln
(
1
1 + k2z2
)
, (4.11)
where k is a parameter. Then the effective potential reads as
V0(z) =
3k2(4k2z2 − 1)
(1 + k2z2)2
. (4.12)
From the above expression we can see that the potential V approaches to zero when z approaches
to infinity, and the value of the potential at z = 0 is −3k2. So the effective potential has the
volcano shape. In this case, there is no mass gap between the zero mode and the massive KK
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(a) Flat thick brane (b) dS thick brane
FIG. 5: The effective potential V 0 and the bound KK modes χn for a scalar field. (a) Flat thick brane:
V 0 ≡ V0/k2 (4.12) (red thick line) and χ0 ≡ χ˜0/
√
k (4.13) (blue dashed line). (b) de Sitter thick brane [187]:
V 0 ≡ V0/H2 (4.14) (red thick line), χ0 ≡ χ˜0/
√
H (4.15) (blue dashed line), and χ
1
≡ χ˜1/
√
H (4.16) (solid
black line). The masses for the two bound modes is given by m20 ≡ m20/H2 = 0 (blue segment) and
m21 ≡ m21/H2 = 2 (black segment).
modes, and the mass spectrum is continuous. Any massive KK mode cannot be localized on the
brane since V (|y| → ∞)→ 0. The solution of the zero mode with m20 = 0 is given by
χ˜0(z) = N0e
3
2
A =
N0
(1 + k2z2)3/2
, (4.13)
where N0 = (
8k
3π )
1
2 is the normalization constant. This is the lowest energy eigenfunction for the
Schro¨dinger-like equation (4.9), which indicates that there is no KK modes with negative m2. In
fact, this equation can be rewritten as KK† χ˜n = m2nχ˜n, with K = ∂z + 32∂zA, which ensures
m2 ≥ 0, namely, there is no tachyonic scalar mode. Besides this scalar zero mode, there exist other
continuous massive KK modes. The effective potential and the zero mode are shown in Fig. 5(a).
There are other shapes of the effective potential, such as the infinite deep well and the Po¨schl–
Teller potential [185, 187]. For example, the effective potential of the KK modes of a massless
scalar field on the de Sitter brane with A(z) = ln
[
H
b sech(Hz)
]
has the following Po¨schl–Teller
form [187]:
V0(z) =
3
4
H2
[
3− 5 sech2(Hz)] , (4.14)
for which there are two bound KK states
χ˜0(z) =
√
2H
π
sech3/2(Hz), (4.15)
χ˜1(z) =
√
H sech3/2(Hz) sinh(Hz), (4.16)
and the mass spectrum of the bound states is given by
m2n = n(3− n)H2, n = 0, 1. (4.17)
The effective potential, the zero mode, and the mass spectrum are shown in Fig. 5(b).
B. Vector fields
In this subsection, we review the localization of a bulk U(1) gauge vector field on the brane in
some five-dimensional thick brane models. We first consider the following five-dimensional action
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for a free bulk vector field:
SA = −1
4
∫
d5x
√−g FMNFMN , (4.18)
where FMN = ∂MAN − ∂NAM is the five-dimensional field strength. For the conformal metric
(4.1), the equations of motion
1√−g ∂M
(√−ggMNgRSFNS) = 0 (4.19)
can be written as the following component equations:
1√−g˜ ∂ν
(√
−g˜ g˜νρg˜µλFρλ
)
+ g˜µλe−A∂z
(
eAF5λ
)
= 0, (4.20)
∂µ
(√
−g˜ g˜µνFν5
)
= 0. (4.21)
The five-dimensional vector field AM (x
λ, z) can be decomposed as
AM (x
λ, z) =
∑
n
a
(n)
M (x
λ)ρn(z). (4.22)
It can be seen that the action (4.18) is invariant under the following gauge transformation:
AM (x
λ, z)→ A˜M (xλ, z) = AM (xλ, z) + ∂MF (xλ, z), (4.23)
or
Aµ(x
λ, z)→ A˜µ(xλ, z) = Aµ(xλ, z) + ∂µF (xλ, z), (4.24)
A5(x
λ, z)→ A˜5(xλ, z) = A5(xλ, z) + ∂zF (xλ, z), (4.25)
where F (xλ, z) is an arbitrary regular scalar function. One can check that the gauge A5(x
λ, z) = 0
is allowed with the above gauge transformation. For the KK theory with finite extra dimension,
A5(x
λ, z) and F (xλ, z) should be periodic functions of the extra dimension. However, for the
braneworld scenario with an infinite extra dimension, which is the case we are considering, there
is no any constraint on AM (x
λ, z) and F (xλ, z). From the transformation (4.25) and the KK
decomposition (4.22), one has [187]
A5(x
λ, z)→ A˜5(xλ, z) =
∑
n
A˜
(n)
5 (x
λ, z) =
∑
n
a˜
(n)
5 (x
λ)ρn(z)
=
∑
n
a
(n)
5 (x
λ)ρn(z) + ∂zF (x
λ, z). (4.26)
Therefore, if one chooses
F (xλ, z) =
∑
n
F
(n)
5 (x
λ, z) = −
∑
n
a
(n)
5 (x
λ)
∫
ρn(z)dz, (4.27)
then the fifth component A˜5 vanishes:
A˜5(x
λ, z) = 0, (4.28)
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which is just the gauge choice we will take. Note that, for the case of the KK theory one has
ρn(z) = cos(nkz), which indicates that one can only take
F (xλ, z) =
∑
n
F
(n)
5 (x
λ, z) = −a(0)5 (xλ)−
∑
n 6=0
a
(n)
5 (x
λ)
∫
ρn(z)dz, (4.29)
i.e., the zero mode F
(0)
5 is a function of x
λ only. Therefore, one can only choose the gauge condition
A
(n)
5 = 0 for massive KK modes (n 6= 0) instead of A(0)5 = 0. Thus, one has no the gauge
A˜5(x
λ, z) = 0 in the KK theory.
Now we choose the gauge A5 = 0 and make the decomposition Aµ(x, z) =∑
n a
(n)
µ (x)αn(z)e
−A/2. Then it is easy to find that the vector KK modes αn(z) satisfies the
following Schro¨dinger equation:[−∂2z + V1(z)]αn(z) = m2nαn(z), (4.30)
where the effective potential V1(z) is given by
V1(z) =
1
2
∂2zA+
1
4
(∂zA)
2. (4.31)
The vector zero mode with m20 = 0 can be solved as
α0(z) = N0e
A/2. (4.32)
By introducing the orthonormalization conditions∫ +∞
−∞
αm(z)αn(z)dz = δmn, (4.33)
the fundamental action (4.18) can be reduced to the effective one of a massless (m0 = 0) and a
series of massive (mn > 0) four-dimensional vector fields:
S1 =
∑
n
∫
d4x
√
−g˜
(
− 1
4
g˜µαg˜νβf (n)µν f
(n)
αβ −
1
2
m2n g˜
µνa(n)µ a
(n)
ν
)
, (4.34)
where f
(n)
µν = ∂µa
(n)
ν − ∂νa(n)µ is the four-dimensional field strength tensor.
The mass spectrum mn and localization of the vector KK modes are also determined by the
Schro¨dinger equation (4.30). For the RS-like solution with A(z) = ln
(
1
1+k2z2
)
, the effective po-
tential and vector zero mode are given by
V1(z) =
(2k2z2 − 1)
(k2z2 + 1)2
k2, (4.35)
α0(z) =
N0√
1 + k2z2
, (4.36)
which are shown in Fig. 6(a). Since∫ +∞
−∞
|α0(z)|2dz =
∫ +∞
−∞
N20 e
Adz = N20
∫ +∞
−∞
dy =∞, (4.37)
the vector zero mode α0(z) = N0e
A/2 with arbitrary A(z), including (4.36), cannot satisfy the
normalization condition
∫ +∞
−∞ |α0(z)|2dz = 1, and hence cannot be localized on the brane. So one
needs some localization mechanisms for a bulk vector field for such brane models.
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(a) Flat thick brane (b) dS thick brane
FIG. 6: The effective potential V 1(z) and the bound zero mode α0(z) for a vector field. (a) Flat thick brane:
V 1(z) ≡ V1(z)/k2 (4.35) (red thick line) and α0(z) ≡ α0(z)/
√
k (4.36) (blue dashed line). (b) de Sitter
thick brane [187]: V 1(z) ≡ V1(z)/H2 (4.38) (red thick line) and α0(z) ≡ α0(z)/
√
H (4.39) (blue dashed
line).
For the de Sitter brane model with A(z) = ln
[
H
b sech(Hz)
]
, the effective potential (4.38) for
the vector KK modes has the following Po¨schl–Teller form [187]:
V1(z) =
H2
4
[
1− 3 sech2(Hz)] . (4.38)
The above potential has a minimum −H2/2 at z = 0 and a maximum H2/4 at z = ±∞, which
ensures the presence of a mass gap in the spectrum. There is only one bound state, i.e., the vector
zero mode that can be localized on the de Sitter brane:
α0(z) =
√
H
π
sech(Hz). (4.39)
The effective potential and the vector zero mode for the de Sitter brane model are shown in
Fig. 6(b).
Besides, the zero mode of a free five-dimensional vector field can also be localized on the brane
in some other special braneworld senarios, such as AdS branes [187], Weyl Thick Branes [138],
two-field thick branes with an finite extra dimension [198]. Note that if a RS-like brane has more
than three space dimensions, then the vector zero mode can also be localized on the brane.
In order to localize the zero mode of a bulk vector field on a RS-like brane, some mechanisms
were proposed. In the following, we give a brief review.
a. Kinetic energy term coupling. Inspired by the effective coupling of neutral scalar field to
electromagnetic field and by the Friedberg-Lee model for hadrons [199], Chumbes, Hoff da Silva,
and Hott [200] explored the coupling between the kinetic term of the vector field and the background
scalar field φ to realize the localization of the vector field. The general action of the vector field
nonminimally coupled with the background scalar field is given by [200]
SA = −1
4
∫
d5x
√−g G(φ)FMNFMN . (4.40)
The localization condition for the vector zero mode is that the following integrate is finite:∫ +∞
−∞
G(φ)dy <∞. (4.41)
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For the solutions of the background scalar field φ = v tanh(ky) and φ = v arcsin(tanh(ky)), the
corresponding coupling functions can be chosen as
G(φ) =
(
1− φ
2
v2
)p/2
for φ = v tanh(ky), (4.42)
G(φ) =
(
1− sin2
(
φ
v
))p/2
for φ = v arcsin(tanh(ky)), (4.43)
where p is a positive constant. The above two couplings would result in the same function G(φ(y)) =
sechp(ky), which insures the normalization and hence the localization of the vector zero mode.
References [201, 202] considered such localization mechanism for the Bloch branes [153] and found
localized zero mode and quasi-localized massive KK modes of a bulk vector field.
For some two-field braneworld models [198, 203–206], the above coupling can also be used to
localize the vector field with G = eτπ(y), where π(y) is one of the two background scalars φ(y) and
π(y), and τ is the coupling constant (see Refs. [32, 153, 206–208]).
b. Yukawa-like coupling. An alternative approach to solve the localization problem of the
gauge field is to introduce the Yukawa-like coupling [171, 209, 210], namely, consider the
Stueckelberg-like gauge field action [171]:
SA =
∫
d5x
√−g
{
−1
4
FMNFMN − 1
2
G(φ)(AM − ∂MB)(AM − ∂MB)
}
, (4.44)
where B is a dynamical scalar field just like in the Stueckelberg field [211], and G(φ) is the coupling
function of the background scalar field φ. With the gauge transformation AM → AM + ∂Mξ, B →
B+ξ, the action (4.44) keeps gauge invariant. Through varying the action SA, and parameterizing
the five-dimensional field AM as AM = (Aµ, A5) = (Âµ + ∂µϕ,A5) like the way in Ref. [212], one
can obtain [

(4) + e2A
(
∂2y + 2A
′∂y −G
)]
Âν = 0 , (4.45)
∂y(e
2Aλ)− e2AGρ = 0 , (4.46)
e2A(4)λ+ e4AG
(
ρ ′ − λ) = 0 , (4.47)
e2AG(4)ρ+ ∂y
[
e4AG
(
ρ ′ − λ)] = 0 , (4.48)
with the two redefined gauge invariant scalar fields λ = A5 − ϕ and ρ = B − ϕ.
Then, by decomposing the gauge field as follows
Âµ(x, y) =
∑
n
aµn(x)αn(y), (4.49)
one can reduce Eq. (4.45) as[
∂2y + 2A
′∂y −G
]
αn(y) = −e−2Am2nαn(y), (4.50)
where (4)aµn(x) = m2na
µ
n(x).
In order to localize the gauge field on the brane, a proper function form of the coupling G(φ)
should be chosen. The authors in Ref. [171] chose the following function:
Gc1,c2 [φ(y)] = c1A
′′(y) + c2[A′(y)]2. (4.51)
For the solution of the warp factor A(y) = A0 − b log[cosh(ay)], the mass spectrum of the vector
KK modes is continuous since the effective potential of the KK modes approaches to zero when
|z| → ∞. The vector zero mode α0(y) turns out to be
α0(y) = k0e
ξA(y), (4.52)
which can be normalizable.
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c. Other mechanisms. Furthermore, the geometrical coupling with the gauge field was intro-
duced by Alencar et al. in Ref. [210]. Zhao et al. [209] assumed that the five-dimensional gauge
field has a dynamical mass term, which is proportional to the five-dimensional scalar curvature.
Vaquera-Araujo et al. [171] added a brane-gauge coupling into the action. All these mechanisms
are effective for the localization of a bulk vector field on the brane.
C. Kalb-Ramond fields
In this subsection, we review the localization of a bulk Kalb-Ramond field on a thick brane. It
is known that a Kalb-Ramond field is an antisymmetric tensor field with higher spins proposed in
string theory. The Kalb-Ramond field (NS-NS B-field) appears, together with the metric tensor
and dilaton, as a set of massless excitations of a closed string. The action for a charged particle
moving in an electromagnetic potential is given by −q ∫ dxMAM . While the action for a string
coupled to a Kalb-Ramond field is − ∫ dxMdxNBMN . This term in the action implies that the
fundamental string of string theory is a source of the NS-NS B-field, much like charged particles
are sources of the electromagnetic field. The Kalb-Ramond field is also used to describe the torsion
of space-time in Einstein-Cartan theory.
The action of a free Kalb-Ramond field is
SKR = −
∫
d5x
√−g HMNLHMNL, (4.53)
where HMNL = ∂[MBNL] is the field strength for the Kalb-Ramond field, and H
MNL =
gMOgNP gLQHOPQ. The field equations for the Kalb-Ramond field with the conformal metric
(4.1) read as
∂µ(
√−gHµαβ) + ∂z(
√−gH4αβ) = 0, (4.54)
∂µ(
√−gHµ4β) = 0. (4.55)
One can make a decomposition
Bαβ(xλ, z) =
∑
n
bˆαβ(n)(x
λ)Un(z)e
−7A/2, (4.56)
and set the gauge Bα4 = 0. Then it is not difficult to find that the KK mode Un(z) satisfies the
following Schro¨dinger-like equation:(− ∂2z + VKR(z))Un(z),= m2nUn(z) (4.57)
where the effective potential VKR(z) is given by
VKR =
1
4
(∂zA)
2 − 1
2
∂2zA. (4.58)
By introducing the orthonormality conditions for the KK modes∫
dz Um(z)Un(z) = δmn, (4.59)
one can reduce the fundamental action (4.63) to the following four-dimensional one
SKR = −
∑
n
∫
d4x
√
−g˜
(
hˆ(n)µαβ hˆ
(n)
µαβ +
1
3
m2nbˆ
(n)αβ bˆ
(n)
αβ
)
(4.60)
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with hˆ
(n)
µαβ = ∂[µbˆ
(n)
αβ] the four-dimensional field strength tensor. The solution of the Kalb-Ramond
zero mode reads as
U0(z) = e
−A, (4.61)
and its normalization condition is∫
dz |U0(z)|2 =
∫
dz e−2A =
∫
dy e−3A. (4.62)
It is clear that for the RS-like solution with eA = sech(ky), the zero mode of a free bulk Kalb-
Ramond field cannot be localized on the brane.
Similar to the case of a vector field, one can also introduce a nonminimal coupling between the
Kalb-Ramond field and the background scalar fields φ, π, · · · :
SKR = −
∫
d5x
√−g G(φ, π, · · · )HMNLHMNL. (4.63)
The localization and resonances of such KR field have been investigated in Refs. [161, 198, 208, 213,
214]. For example, Ref. [198] considered G = eζπ in a two-field brane model, where the background
scalar π is given by π(z) = bA(z). The effective potential VKR(z) and the zero mode are given by
VKR(z) =
(1−√3b ζ)2
4
(∂zA)
2 +
√
3b ζ − 1
2
∂2zA, (4.64)
U0(z) = e
(
√
3b ζ−1/2)A(z). (4.65)
The localization condition is ζ > 1/
√
3b for b ≥ 1 or ζ > (2 − b)/√3b for 0 < b < 1 [198]. The
resonances of the KR field have also been investigated in Refs. [161, 214]. Other related work can
be found in Refs. [203, 215–219].
We know that the scalar, vector, and Kalb-Ramond fields are the 0-form, 1-form, and 2-form
fields, respectively. In fact, there are higher-form fields in a higher-dimensional space-time with
dimension larger than four. In four-dimensional space-time, free q-form fields are equivalent to
scalar or vector fields by a duality. In higher space-time, they correspond to new types of particles.
Some early works for localization and Hodge duality of a q-form field were studied in Refs. [220, 221],
where some gauges were chosen to make the localization mechanism simpler. However, these gauge
choices only reflect parts of the whole localization informations, including the Hodge duality of the
KK modes. Recently, new localization mechanism, Hodge duality, and mass spectrum of a bulk
massless q-form field on codimension-one branes (p-branes) were investigated in Refs. [222, 223]
by using a new KK decomposition. There are two types of KK modes for the bulk q-form field:
the q-form and (q− 1)-form modes, which cannot be localized on the p-brane simultaneously. The
Hodge duality in the bulk naturally becomes two dualities on the brane. Dualities in the bulk and
on the brane are shown in Table I. For the detail, see Ref. [222].
D. Fermion fields
In this subsection, we review the localization of bulk Dirac fermion fields on thick branes. In
order to localize a fermione, one usually needs to introduce some interactions between the fermion
and the background fields. Note that the general covariant equations for fields with arbitrary spin
were derived by Y.-S. Duan [224], and the general covariant Dirac equation previously obtained by
V. A. Fock and D. D. Ivanenko [225] is a special case of the general covariant equations.
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Duality
Bulk Massless q−form ⇔ (p− q)−form
Brane KK modes q−form ⇔ (p− q − 1)−form
n = 0 or
(q − 1)−form ⇔ (p− q)−form
KK modes q−form(with mass mn)+(q − 1)−form(massless)
n > 1 m
(p− q)−form(with mass mn)+(p− q − 1)−form(massless)
TABLE I: Dualities in the bulk and on the brane [222].
Here, we consider a general action of the Dirac fermion [226]
S 1
2
=
∫
d5x
√−g[F1Ψ¯ΓMDMΨ+ λF2Ψ¯Ψ + ηΨ¯ΓM(∂MF3)γ5Ψ]. (4.66)
Here the functions F1, F2, and F3 are functions of the background scalar fields φ
I and/or the Ricci
scalar R, and λ and η are the coupling constants. In five-dimensional space-time, a Dirac fermion
field is a four-component spinor and the corresponding gamma matrices ΓM in curved space-time
satisfy {ΓM ,ΓN} = 2gMN . The operator DM = ∂M + ωM and the spin connection ωM is defined
as
ωM =
1
4
ω M¯N¯M ΓM¯ΓN¯ (4.67)
with
ω M¯N¯M =
1
2
ENM¯ (∂ME
N¯
N −∂NE N¯M )−
1
2
ENN¯ (∂ME
M¯
N −∂NE M¯M )−
1
2
EPM¯EQN¯E R¯M (∂PEQR¯−∂QEPR¯).
(4.68)
Here the letters with barrier M¯, N¯ , · · · are the five-dimensional local Lorentz indices and the
vielbein EM
M¯
satisfies EM
M¯
EN
N¯
ηM¯N¯ = gMN . The relation between the gamma matrices ΓM and
ΓM¯ = (Γµ¯,Γ5¯) = (γµ¯, γ5) is given by ΓM = EM
M¯
ΓM¯ .
For the metric (4.1), the non-vanishing components of the spin connection (4.67) are ωµ =
1
2(∂zA)γµγ5 + ωˆµ, where ωˆµ is derived from the four-dimensional metric g˜µν(x
λ). The five-
dimensional Dirac equation reads as[
γµ∂µ + ωˆµ + γ
5(∂z + 2∂zA) + F(z)
]
Ψ = 0, (4.69)
where
F(z) = λeA(z)F2
F1
+ η
∂zF3
F1
. (4.70)
We make the following chiral decomposition for the five-dimensional Dirac field Ψ
Ψ(x, z) = e−2A(z)
∑
n
[
ψLn(x)fLn(z) + ψRn(x)fRn(z)
]
, (4.71)
where ψLn = −γ5ψLn and ψRn = γ5ψRn are the left- and right-chiral components of the Dirac
fermion field, respectively, and the four-dimensional Dirac fermion fields satisfy
γµ(∂µ + ωˆµ)ψLn(x) = mnψRn(x),
γµ(∂µ + ωˆµ)ψRn(x) = mnψLn(x),
(4.72)
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where mn is the mass of the four-dimensional fermion fields ψLn(x) and ψRn(x). Substituting Eqs.
(4.71) and (4.72) into Eq. (4.69) yields the coupling equations of the KK modes fLn,Rn:
(∂z −F(z)) fLn = +mnfRn,
(∂z + F(z)) fRn = −mnfLn.
(4.73)
The above two equations can also be rewritten as the Schro¨dinger-like equations
[−∂2z + VL(z)]fLn = m2nfLn, (4.74)
[−∂2z + VR(z)]fRn = m2nfRn, (4.75)
where the effective potentials are given by
VL,R(z) = F2(z)± ∂zF(z). (4.76)
The Schro¨dinger-like equations (4.74) and (4.75) can be decomposed by using the supersymmetry
quantum mechanics as
K†K fLn = m2nfLn
KK† fRn = m2nfRn
(4.77)
with the operator K = ∂z −F(z), which insure that the mass square is non-negative, i.e., m2n ≥ 0.
The corresponding chiral zero modes can be solved based on Eq. (4.73) with m0 = 0:
fL0,R0 ∝ e±
∫
dzF(z). (4.78)
By introducing the following orthonormality conditions for the KK modes fLn,Rn∫ +∞
−∞
F1fLmfLndz =
∫ +∞
−∞
F1fRmfRndz = δmn,
∫ +∞
−∞
F1fLnfRndz = 0, (4.79)
one can derive the effective action of the four-dimensional massless and massive Dirac fermions
from the five-dimensional Dirac action (4.66):
Seff =
∑
n
∫
d4x
√
−gˆ ψ¯n
[
γµ(∂µ + ωˆµ)−mn
]
ψn. (4.80)
The conditions (4.79) can be used to check whether the fermion KK modes can be localized on the
brane.
We know that there are two types of fermion localization mechanisms. The first one is the
Yukawa coupling (F1 = 1, F3 = 0) between fermions and the background scalar fields [150, 154–
159, 164, 166, 184, 186, 227–242], which does work when the background scalar fields are odd
functions of the extra dimension. This form of coupling λF2(φ)Ψ¯Ψ between the kink scalar φ and
bulk fermions can be regarded as the coupling between a soliton and fermions in Ref. [243]. The
corresponding effective potentials are (4.76)
VL,R(z) = (λe
AF2)
2 ± ∂z(λeAF2), (4.81)
and the chiral zero modes read
fL0,R0 ∝ e±λ
∫
dz eAF2(φ) = e±λ
∫
dy F2(φ). (4.82)
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We consider the brane models with the solution
eA(y→±∞) → e∓ky and φ(y → ±∞)→ ±v. (4.83)
For the simplest Yukawa coupling with F2 = φ(y) and strong enough but negative coupling (λ <
λ0 ≡ −k/v), the left-chiral fermion zero mode
fL0(y → ±∞)→ e±λvy (4.84)
satisfies the normalization condition
∫ +∞
−∞ e
−A(y)|fL0|2dy < ∞, and hence can be localized on the
brane. It is worth pointing out that the right-chiral fermion zero mode cannot be localized at the
same time.
In Ref. [235], a “natural” ansatz for the Yukawa term F2Ψ¯Ψ is proposed, where F2 inherits its
odd nature directly from the geometry shape of the warp factor eA(z). In order to guarantee the
localization of the left-chiral fermion zero mode, the authors taken F2 as F2(z) =M∂ze
−A(z), which
is not arbitrariness and is independent of the braneworld model. With this choice, the localization
of gravity on the brane implies the localization of spin-1/2 fermions as well.
If the background scalar field is an even function of the extra dimension, the Yukawa coupling
mechanism will do not work, since the Z2 reflection symmetry of the effective potentials for the
fermion KK modes cannot be ensured [244]. In order to solve this problem, a new localization
mechanism was presented in Ref. [244]. The coupling is given by ηΨ¯ΓM∂MF3(φ)γ5Ψ (F1 =
1, F2 = 0), which is used to describe the interaction between π-meson and nucleons in quantum
field theory and is called as the derivative coupling.
For the above two mechanisms, the localization of bulk fermions depends on the coupling be-
tween bulk fermions and background scalar fields. For thick brane models without background
scalar fields, the previous two mechanisms do not work any more. For such models, one can adopt
the coupling between the bulk fermion fields and the scalar curvature R of the background space-
time [245]. The form of coupling is the same as the derivative coupling Lint = δΨ¯γ5ΓM∂MF3(R)Ψ
[245] since the scalar curvature R is an even function of the extra dimension. With the derivative
geometrical coupling, the corresponding effective potentials (4.76) and chiral zero modes become
VL,R(z) = (η∂zF3)
2 ± ∂z(η∂zF3), (4.85)
and
fL0,R0 ∝ e±η
∫
dz ∂zF3 = e±ηF3 , (4.86)
where F3 is a function of the background scalar fields or the scalar curvature. The normalization
conditions for the fermion zero modes are∫ +∞
−∞
e±2ηF3dz <∞. (4.87)
It can be seen that one of the left- and right-chiral fermion zero modes can be localized on the
brane with some suitable choice of the function F3(φ,R) (see Refs. [244–247] for detail).
Here we should note that for a volcano-like effective potential, all the massive KK modes can
escape to the extra dimension and the massive fermion KK resonances do not have contributions to
the effective action (4.80) in four-dimensional space-time since the integral of the square of a massive
KK mode is divergent along the extra dimension. Recently a new localization mechanism [226] was
proposed by considering the non-minimal coupling between bulk fermions and background scalar
fields (see (4.66)). Obviously, the localization of a bulk fermion on a brane is related to the function
F1 and this function has remarkable impacts on the normalization of the continuous massive KK
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modes (4.79). One can see that the continuous massive KK modes may have contributions to the
four-dimensional effective fermion action (4.80) if one chooses a proper function F1 (see Ref. [226]).
It is known that the shapes of the effective potential of the left- or right-chiral fermion KK
mode can be classified as three types: volcano-like [154, 184, 227, 229, 230, 232, 234], finite- square-
well-like [156, 248], and harmonic-potential-like [155, 186]. The corresponding spectra of the KK
fermions are continuous, partially discrete and partially continuous, and discrete, respectively. For
the volcano-like effective potential, all the massive KK modes can escape to the extra dimension,
and one might obtain the fermion resonances by using the numerical methods presented in Refs.
[229, 230]. Inspired by the investigation of Ref. [155], Almeida et al. investigated the issue of
localization of a bulk fermion on a brane, and firstly suggested that large peaks in the distribution
of the normalized squared wave function |fL,R(0)|2 as a function of m would reveal the existence of
fermion resonant states [229]. However, this method is suitable only for even fermion resonances
because fL,R(0) = 0 for any odd wavefunction. In order to find all fermion resonances, Liu et al.
introduced the following relative probability [230]:
P =
∫ |zb|
−|zb| |fLn,Rn(z)|2dz∫ −zmax
zmax
|fLn,Rn(z)|2dz
, (4.88)
where zmax = 10|zb| and the parameter zb could be chosen as the coordinate that corresponds to the
maximum of the effective potential VL or VR, which is also approximately the width of the brane.
Here |fLn,Rn(z)|2 can be explained as the probability density at z. If the relative probability (4.88)
has a peak around m = mn and this peak has a full width at half maximum, then the KK mode
with mass mn is a fermion resonant mode. The total number of the peaks that have full width
at half maximum is the number of the resonant modes. For the case of the symmetric potentials,
the wave functions fLn,Rn(z) are either even or odd. Hence, we can use the following boundary
conditions to solve the differential equations (4.74) and (4.75) numerically [230]:
fLn,Rn(0) = 0, f
′
Ln,Rn(0) = 1, for odd KK modes, (4.89)
fLn,Rn(0) = 1, f
′
Ln,Rn(0) = 0, for even KK modes. (4.90)
One can also obtain the corresponding lifetime τ of a fermion resonance by the width (Γ) at half
maximum of the peak with τ = 1Γ [17, 229]. Fermion resonances can also be obtained by using the
transfer matrix method [161–163, 214, 249].
The localization and resonances of a bulk fermion have been investigated based on the Yukawa
coupling mechanism [150, 155, 164, 166, 184, 186, 229–236] and the derivative coupling mechanism
[246, 247, 250]. Here we only list the results of the probabilities PL,R and the resonances of the
left- and right-chiral KK fermions for the coupling with F1 = 1, F2 = 0, and F3 = φ
2 ln[χ2 + ρ2] in
a multi-scalar-field flat thick brane model in Figs. 7 and 8, respectively [250].
Before closing this subsection, we give some comments. Firstly, the mass spectra and lifetimes of
the fermion resonances for both the left- and right-chiral fermions are the same [230, 246, 247, 250].
Secondly, the derivative coupling mechanism [244] can also be used for the branes generated by
odd scalar fields [250]. Thirdly, the localized fermion zero mode is always chiral.
Besides the above mentioned fields, some other fields such as Gravitino Fields [251], Elko Spinors
[252–255], and new fermions [256] were also investigated in the content of extra dimensions and
braneworlds.
V. CONCLUSION
In this review, we have given a brief introduction on several important extra dimension models
and the five-dimensional thick brane models in extended theories of gravity. After introducing the
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(a)η = 1 (b)η = 3 (c)η = 5
(d)η = 1 (e)η = 3 (f)η = 5
FIG. 7: Plots of the probabilities PL,R for the coupling with F1 = 1, F2 = 0, and F3 = φ
2 ln[χ2 + ρ2]
in a multi-scalar-field flat thick brane model [250]. Even parity and odd parity massive KK modes of the
left-chiral (up channel) and right-chiral (down channel) fermions are denoted by blue dashed and red real
lines, respectively. The pictures are taken from Ref. [250].
(a)fL1(z) (b)fL2(z) (c)fL3(z)
(d)fR1(z) (e)fR2(z) (f)fR3(z)
FIG. 8: Plots of the resonances of the left- and right-chiral KK fermions for the coupling with F1 = 1,
F2 = 0, and F3 = φ
2 ln[χ2 + ρ2] in a multi-scalar-field flat thick brane model [250]. The pictures are taken
from Ref. [250].
KK theory, domain wall model, large extra dimension model, and warped extra dimension models,
we listed some thick brane solutions in extended theories of gravity, and reviewed localization of
bulk matters on thick branes.
These extra dimension and/or braneworld models have been investigated, developed, or cited
in thousands of literatures. But the study of extra dimensions and braneworld is far more than
that. For other noteworthy extra dimension theories and related topics (including string theory,
AdS/CFT correspondence, universal extra dimensions, multiple time dimensions, etc), interested
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readers can refer to the review papers or books mentioned earlier in this review.
In recent years, the study of extra dimensions has evolved from the early pure theory to the
experimental stage [257–261]. Although there is no direct evidence that there are extra spatial
dimensions, the idea of extra dimensions and braneworld could help us to understand the new
physical phenomena and provide a candidate for explaining the past and new physical problems,
which is one of the major motivations for people to study theories of extra dimensions. Of course,
there are still some problems that have not been solved. Further researches (mainly for thick brane
models) in the future may include but not limited to the following directions:
• Find analytic solutions of thick brane in new theories and study linear fluctuations of the
solutions.
• Localization of matter fields and gravitational field in new theories.
• Intersecting brane models [262–264] and other new models.
• Physical effects of new particles in thick brane models in high-energy accelerators.
• Applications of braneworld models in cosmology (including neutrinos, black holes, inflation,
dark energy and dark matter, and gravitational waves, etc) [265–272].
• Evolution and formation of braneworlds [273, 274].
• Localized black-hole solutions in braneworld models [275–279].
Finally, we note that this short review cannot introduce the relevant researches comprehensively
and we try our best to list the most relevant papers.
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